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ABSTRACT. Let k be an algebraically closed field of positive characteristic p. We first classify 
the L>-truncations mod p of Shimura F-crystals over k and then we study stratifications defined 
by inner isomorphism classes of these L>-truncations. This generalizes previous works of Kraft, 
O ! Ekedahl, Oort, Moonen, and Wedhorn. As a main tool we introduce and study Bruhat F- 

decompositions; they generalize the combined form of Steinberg theorem and of classical Bruhat 
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rH ! §1. Introduction 

■ 

g ■ A smooth, afiine group scheme E over an afhne scheme Spec(i?) is called reductive, if its 

I— —i! fibres are reductive groups over fields and thus are connected. Let F^'^ be the adjoint group 
scheme of F i.e., the quotient of F by its center. Let F be a closed subgroup scheme of F; if R is 

>■ I not a field, we assume D is smooth. Let Lie(F) be the Lie algebra over R of D. As i?-modules, 

^ ■ we identify Lie(F) = Ker(F(i?[x]/x^) — )■ D{R)), where the i2-epimorphism R[x]/{x'^) R maps 

Q . a; to 0. The Lie bracket on Lie(F) is obtained by taking the total differential of the commutator 

^ ! morphism D y<Spec(R) F — )■ F at identity sections. If Lie(F) is a free -R-module, we view it as a 

^ I F-module via the adjoint representation of F. For a free i?-module K of finite rank, let GLx be 

O ' the reductive group scheme over Spec(i?) of linear automorphisms of K. If /i, /2 G Endz(i^), let 

igl /i/2:=/io/2GEndz(i^). 

c3 ■ Let p be a prime. Let k be an algebraically closed field of characteristic p. Let W{k) be 

^ ! the ring of Witt vectors with coefficients in k. Each reductive group scheme over Spec(VF(/c)) is 

j> I split i.e., is a Chevalley group scheme. Let B{k) be the field of fractions of W{k). Let a be the 
Frobenius automorphism of k, W{k), and B(k). 

^ . 1.1. Shimura F-crystals over k 

Let (M, (j)) be a Dieudonne module over k. Thus M is a free VF(/c)-module of finite rank 
and (/) : M — )■ M is a a-linear endomorphism such that we have pM C (j){M). Let d : M ^ M 
be the Verschiebung map of (M, (^); we have = 'dcj) = plu- We denote also by (j) the a- 
linear automorphism of EndB(A:)(Af [^]) that maps e G EndB(fc)(Af[^]) to 0e^~^ = t?~^et? G 
EndB(fc) (M[^]). Let G be a reductive, closed subgroup scheme of GLm such that (t){lAe{G B{k))) = 
Lie{GB{k)) and there exists a direct sum decomposition M = F^ © F'^ with the properties that: 
(i) (f)(M + ^F^) = M and (ii) the cocharacter of GLm that fixes F^ and that acts on F^ as the 
inverse of the identical character of G^, factors through G. We denote this factorization as 

II : Gm G. 

Triples as (M, G) show up in the study of special fibres of good integral models of Shimura 
varieties of Hodge type in mixed characteristic {0,p) (see [19], [16], [35], [39], [40], etc.). We call 
them Shimura F-crystals over k. 
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Sec Subsection 4.4 for the definition of the simple factors of (Lie((j'^'^), (j)) and of their types. 
Each simple factor of (Lie(G^'^), (/>) is either trivial or non-trivial. Moreover, each non-trivial 
simple factor of (Lie(G'^*^), (/>) is of one of the following five types introduced in the context of 
Shimura varieties of Hodge type in [5]: An with n > 1, 5„ with n > 1, Cn with n > 1, with 
n > 4, and with n > 4. 

For g e G{W{k)) let 

e, := (M,^7(/>,G) 

and let ^ e be mod p. As (f)~^{pM) = {g(j))~^{pM) = +pM, the subgroup 

h:={he G{W{k))\h{F^ + pM) = + pM} ^ ^(^^(A;)) 

is intrinsically associated to the family {Qg\g G G{W{k))} of Shimura F-crystals. If gi^ g2 G 
then by an inner isomorphism between Qg^ and Qg^ we mean an element h e G{W{k)) 
such that Zi^ri^ = g24>h; it is easy to see that /i G L. The normalizcr P of in G is a parabolic 
subgroup scheme of G, cf. Subsubsection 3.3.4. We have P(W{k)) = {/t G G(W{k))\h{F^) = 
F^} ^ L = {/i G G(W^(fc))|/i G P{k)}. 

Let < Cp >:= {Cflt G C-j- is inner isomorphic to Gg} be the inner isomorphism class 

of Qg. Let 

loo := {< > 1^ G G{W{k))} 

be the set of inner isomorphism classes associated to the family {Qg\g G G{W{k))}. 

In [42] we studied the rational classification of C^'s. In this paper we study the mod p 

classification of Cg's. 

1.1.1. On L>-truncations mod p 

Let M M/pM. Let (p : M ^ M and : M ^ M he the reductions mod p of (p and i? 
(respectively). By the D-truncation mod p of Gg we mean the quadruple 

G-g := {M,g^,^g-\Gk). 

Here D stands for Dieudonne and it is inserted in order not to create confusion with the triple 
(M, g^, Gk) that is the usual truncation mod p of the triple {M,g(f), G) which is an F-crystal over 
k with a group. By an inner isomorphism between Gg-^ and Gg^ we mean an element h G P{k) such 
that hgi(j) — g2(fh and Mgi^ — ^g2^h- Let < >:= {C||t G G{k), C| is inner isomorphic to C^} 
be the inner isomorphism class of Gg. Let 

I := {< > 1^ G G{k)} 

be the set of inner isomorphism classes associated to the family {Gg\g G G{k)} of D-truncations 
mod p. Let Aut^*^*^ be the reduced group of the group scheme Autg over k of inner automor- 
phisms of Gg, cf. Subsubsection 5.1.1. We have Autf'^{k) = Aut g{k) = {h e P{k)\hg(j) = 
g(f)h and hi}g~^ = dg~^K}. 

1.1.2. Weyl elements 

We fix a maximal torus T of P through which the cocharacter /j, factors (see Subsubsection 
3.3.1). It is easy to see that there exists an element ^fcorr G G{W{k)) such that gcovr(f> normalizes 
Lie(T) (see Subsection 4.2). As {Gg\g G G{W{k))} = {Ggg^^Jg e G{W{k))}, for the study of Cg's 
and of their iI>-truncations mod p we can replace (p by fi^corr^- In other words, to ease notations 
we will assume that gcovr = 1m i-e., we will assume that 

(1) 0(Lie(T)) = Lie(T). 
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For the sake of functoriality, flexibility, and simplicity of computations, we will not assume the 
existence of a Borel subgroup scheme B of G such that T ^ B ^ P and (p(Lie{B)) C Lie(S). 

Let Nt be the normalizer of T in G. Let Wg := {NT/T){W{k)) be the Weyl group of 
G. The Weyl group of P is Wp := {{Nt n P)/T)(W^(A;)) ^ Wq- For each e Wq, we fix a 
representative (7^^, G A^T(W^(fc)) of it- We note that < C^^ > depends only on w and not on the 
choice of g^, cf. Lemma 4.1. 

1.1.3. Basic combinatorial data 

Let Swp be the set of subgroups of Wp. Our basic combinatorial data consists in three 

maps 

a-.WG^Wo, ^-.Wg^Swp, and § : Wg ^ N U {0} 

described as follows. To the quintuple {M,(f),G, iJ,,T) one associates a Zp-structure (Gzp,2zp) of 
{G,T), cf. Subsection 4.2. Let a : Wq-^Wg be the action of a on the Weyl group Wq with 
respect to this Z^-structure. 

Let /q G EndT4/(fc)(M) be the unique semisimplc clement such that we have = {x ^ 
M\lo{x) = 0} and = {x e M\lo{x) = -x}. Let Iq e Endfe(M) be the reduction mod p of Iq. 
For w e Wg, let 

§{w) := {wi e WgI^wi commutes with {gw(f>y{lo) for all z e Z} ^ Wp. 

The root decomposition of Lie(G) relative to T encodes the map S : Wg ^ N U {0}, cf. Subsub- 
section 4.1.1. 

Our main goal is to prove the following three Basic Theorems and to get several applications 
of them (including the Basic Theorem D of Subsection 12.2). 

1.2. Basic Theorem A (short form) 

For each element g e G{k), the identity component of the group Auf^"^ is a unipotent group 
over k (i.e., has no torus of positive dimension). Moreover for each element w e Wg, we have 
an equality diin{Auf^^) = E>{w). 

1.3. Basic Theorem B 

Let 3? = ^(j)^^ C Wq be the relation such that for wi^W2 G Wg we have (wi, W2) E ^ if and 
only if there exist elements ws G Wp and W4 G S{w2) ^ Wp with wi = wsW4W2cr{w^^). Then 
the following three things hold: 

(a) Let wi,W2 G Wq- We have < Qg^^ >=< Qg^^ > if and only if < Qg^^ >=< Gg^^ >. 

(b) We have (^1,^2) £ if and only if < Cg^^ >=< Qg^^ >. 

(c) The relation !3i on Wg is an equivalence relation. 

1.4. Basic Theorem C 

(a) There exists a subset Rg of Wg such that for each element g G G{W{k)), there exist 
elements w G -Rg and gi G Ker{G{W{k)) — 7> G{k)) with the property that < Gg >=< Gg^g^ >■ 

(b) The smallest number of elements a set Rg as in (a) can have is [Wg '■ Wp]. 

Lemma 4.5 (c) checks that we have < 6^^ >=< Gg^ > if and only if there exists an element 
hi2 G Ker{G{W{k)) G{k)) such that < Gg^ >=< Gu^^g^ >■ Thus the statement 1.4 (a) is 
equivalent to the fact that for each element g G G{k), there exists w G Wg such that we have 
< Gg >=< Gg^ >. Therefore from properties 1.3 (b) and 1.4 (b), we get the following listing of 
inner isomorphism classes in I: 
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Corollary 1.1. The map ttcan : ^\Wo -> I that takes [w] G ^\Wo to < Qg^ >e I is a well 
defined bijection. The sets ^\Wg and I have [Wq ■ Wp] elements. 

From Corollary 1.1 and the property 1.3 (a) we get: 

Corollary 1.2. Let Modp : Iqo I the surjective map that takes < Gg > to < Qg >. Then the 
injective map Lift : I loo that takes < Qg^ > to < Cg^ > is a well defined section of Modp. 

Corollary 11.1 (d) checks that the section Lift : I '-^ Iqo is canonical (i.e., its image does 
not depend on the maximal torus T of G); we call this Teichmiiller type of section as the toric 
section of Modp. 

1.5. On literature 

The existence of the set RgLm ^^^^Y adequate translation of the classification of trun- 
cated Barsotti-Tate groups of level 1 over k obtained in [17] (see Lemma 4.4 and Corollary 4.6). 
Recent works of Ekedahl-Oort and Moonen extended [17] to the classical context of (principally 
quasi-polarized) truncated Barsotti-Tate groups of level 1 over k endowed with certain semisimple 
Fp-algebras of endomorphisms (see [26] and [22]; see also [43] for some weaker extensions). These 
extensions can be used to regain Basic Theorem C for the particular cases related to this classical 
context; all these cases are such that the simple factors of (L\e{G^^) , 4>) arc either of An type 
or of very particular (the so called totally non-compact) Cn or type. In [26] no semisimple 
Fp-algebras show up. In [22] the case p — 2 is almost entirely excluded and the proofs are very 
long and do not generalize. 

Formula dim(Aut^^) = Ei{w) of Basic Theorem A is a new (type of) dimension formula 
for reduced groups of inner automorphisms. It seems to us that this formula is more practical 
than its analogue of [23] that pertains to the mentioned classical context. For instance, we use 
this formula to generalize to the context of the family {Qg\g G G(VF(/c))}, the well known fact 
that the Barsotti-Tate group of a finite product of supersingular elliptic curves over k is uniquely 
determined by its truncation of level 1 (see Theorem 8.3 and Corollary 11.1 (c)). 

If G = GLm, then either [27] or [41, Thm. 1.6] can be used to identify the (small) subset 
of 'JI\Wg formed by those elements [w] for which the following stronger form of the property 1.3 
(a) holds: if g e G{W{k)), then we have < Qg^ >=< Qg > if and only if < Cg^ >=< Cg >. But 
even if G = GLm, the property 1.3 (a) does not follow from [27]. We do not know any other 
relevant literature that pertains to Basic Theorem B. 

1.6. On contents and proofs 

Section 2 includes complements on algebraic groups over k. In particular, it presents a 
conjecture of us which is a more general form of the combination of: (i) Steinberg theorem for 
reductive groups over k that are equipped with finite endomorphisms and (ii) Bruhat decompo- 
sitions with respect to Borel subgroups of reductive groups over k. We refer to this conjecture as 
the Bruhat F -decompositions for reductive groups over k; here F stands for a finite (Frobenius) 
endomorphism. This conjecture is proved in this paper for all those cases that are related to 
Shimura F-crystals, cf. Corollary 7 (a). Well after this paper was submitted, in [12] it is claimed 
without any details that [12, Cor. 4.1] is an equivalent form of the conjecture (see also [31]). Sec- 
tion 3 recalls properties of reductive group schemes. Section 4 lists basic properties of Shimura 
F-crystals like Zp-structures, types, the existence of the set RgLmi ^^c. Bruhat F-decompositions 
are naturally associated to certain group actions. 

1 Strictly speaking, the map acan is indeed canonical only if one assumes that there exists a 
Borel subgroup scheme B of G such that T ^ B ^ P and 0(Lie(5)) C Lie(S). But we repeat 
that it is very desirable and practical not to make such an assumption. 
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In Subsection 5.1 we present our first main new idea that a group action of the form 

Tcfc.a : H]^ Xfc Gfe Gk 

(with Gk viewed only as a variety over k), governs the refined structures of Qg 's. In particular, if 
O is the set of orbits of TGk,ai then we have a natural bijection (see Lemma 5.1 (a)) 



The group Hk over k is connected, smooth, and affine; it is not reductive except for the trivial 
cases when n : Gm — > G factors through the center of G. We use the action TG,^,cr to prove 
(see Subsection 5.2) a longer form of the Basic Theorem A. What we do is to "reinterpret" the 
groups Autg*^'^ in terms of reduced stabilizer subgroups of Tg^^o- and to prove the analogue of Basic 
Theorem A for such stabilizer subgroups. 

Subsection 6.1 recalls the classical analogue T^^ of TG,^,a that produces the Bruhat de- 
composition for the quotient set P{k)\G{k). Theorem 6.1 "compares" T^^ and TGf,,cr to prove 
(via Basic Theorem A) that if the set O is finite, then O has precisely [Wg ■ Wp] elements 
and the values of the function S are computable in terms of values of the classical analogue 
S*^' : Wg — > N U {0} of S. We emphasize that Sections 5 and 6 (and thus also Basic Theorem A) 
are elementary in nature i.e., they rely mainly on basic properties of group actions. 

In Section 7 we present our second main new idea: we introduce and study the zero space 
Ig of Qg. This zero space ig is an Fp-Lie subalgebra of Lie(Pfc). The role of ig is triple folded: 

(a) It is the "cr-Lie algebra" of Aut^; thus Aut^'^'^ normalizes ig (cf. Lemma 7.1 (c)). 

(b) A suitable Fp-Lie subalgebra j:^ of ig is the Lie algebra of an Fp-structure of a (uniquely 
determined) reductive subgroup of G^ of the same rank as G^- See Theorem 7.6 for y^^ = {x e 

IgJ'^o^A = 0}. 

(c) The fc-span xOg of 3^ records all "good" P(/c)-conjugates of the cocharacter ■ Gm ~^ 
(i.e., of the element Iq e Lie(Pfc)) with respect to C^. For instance, if e Wg, then Theorem 
9.1 shows that a P(A;)-conjugate /i of Iq is also an Aut^'^-conjugate of Iq if and only if li G tu^^. 
Moreover, ttig is the Lie algebra of a (uniquely determined) connected, smooth subgroup of of 
the same rank as Gk (see Theorem 7.8 for tVg^). 

Theorem 9.1 relies on Basic Theorem A and Section 7 and it is the main ingredient in 
proving Basic Theorem B in Subsection 9.1. 

Section 10 combines Sections 4 and 7 and Theorem 9.1 to show that under some conditions, 
the set Rg exists if its analogue Rg^ exists, where Gi is a reductive, closed subgroup scheme 
of GLm that contains G and such that the triple {M, (p, Gi) is a Shimura F-crystal over k (see 
Theorem 10.1). This standard idea is also used in [22] and [43] which worked with Gi = GLm- As 
a main difference from [22] and [43] , in the proof of Theorem 10. 1 we use direct sum decompositions 
Lie(Gi) = Lie(G) © Lie(G)-'- of G- modules or adjoint variants of them and we do not appeal to 
either Zp- or Fp-algebras or the canonical stratifications of (M, g^, ^g~^ys introduced in [17] and 
[26]. Moreover, we use (reductions mod p) of Verschiebung maps only in Subsection 4.3 and (to 
introduce notations) in Subsection 5.1.1 and Section 12. See Subsection 3.2 for basic properties 
of trace maps (most common such direct sum decompositions Lie(Gi) = Lie(G) © Lie(G)-'- are 
produced by them). 

Let Pi be the normalizer of in Gi and let g e G{W{k)). The guiding idea of the proof 
of Theorem 10.1 is: as the set Rgi exists, there exists an element h e Lie{Gik) that is defined 
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by a "good" Pi (/c) -conjugate of Hk ■ Gm Gk with respect to {M,g(f),^g~^,Gik); wc use the 
mentioned direct sum decompositions to define a component of li in Lie(Gfc). This component is 
defined by a "good" P(A;)-conjugate of : Gm — ^ Gk with respect to and thus we can exploit 
(b) to show that < > is < Gg^ > for some w e Wg- 

Section 11 uses Sections 4 to 7, 9, and 10 to prove Basic Theorem C. The main four steps 
are as follows. 

(i) The existence of the set Rg is of intrinsic nature i.e., is encoded in the adjoint analogue 
Tgad of the action ct- Thus to prove Basic Theorem C, we can assume that the pair 

k ' ' 

(Lie(G^'^), (j)) is simple and we can appeal to the replacement process which allows us to replace 
{M,(j),G) by any other Shimura F-crystal {M^,(j)^,G^) over k for which we have an identity 
(Lie(G'f = (Lie(G*^),0); see properties 11.1 (i) and (n). 

(ii) The statement 1.4 (a) implies the statement 1.4 (b), cf. Corollary 6.2. 

(iii) Suppose we are not dealing with an exceptional case. Based on the replacement process 
and on the classification of cocharacters of the form /i : Gm G ^ GLm (see [30] over B{k)), 
we can assume that there exists a reductive, closed subgroup scheme Gi of GLm such that the 
triple (M, Gi) is a Shimura F-crystal and the hypotheses of Theorem 10.1 hold (in particular, 
the set Rgi exists). Thus based on Theorem 10.1, we inductively prove that the statement 1.4 
(a) holds outside the exceptional cases. 

(iv) The exceptional cases are when p = 2 and (Lie(G*'^), 0) is of C„, Dj^, or 
type. To prove the statement 1.4 (a) for these cases, we use a shifting process that is a standard 
combinatorial application of Basic Theorem B and Theorem 6.2. This shifting process says that 
it suffices to prove Basic Theorem C for p >> 0. 

1.7. Motivations and extra applications 

Our main reason in proving Basic Theorems A to C is to get tools to study: (i) the set Iqo 
and (ii) different stratifications of special fibres of integral canonical models of Shimura varieties of 
Hodge type in mixed characteristic (0, p) that are proved to exist in [35] and [39] or are (assumed 
to exist and) considered in [40, Sect. 8] and [42, Sect. 5]. For instance, based on Subsections 8.1, 
12.2, 12.3, and 12.4 (a), the methods of [25] can be adapted to show that each rational stratification 
of [42, Subsect. 5.3] has a unique closed stratum. Based on either [35, Subsect. 5.4] or [42, Sect. 
5], the generalization of [26, Sect. 1] and [43, Thm. of Introd.] to the mentioned special fibres is 
automatic (see Remark 12.4 (a)). Thus for the sake of generality and of not making the paper 
too long by recalling Shimura varieties of Hodge type, in Section 12 we introduce stratifications 
that generalize loci cit. directly in an axiomatized context. For the context of reductive groups, 
our stratifications are more general than the level 1 stratifications formalized in [38, Subsubsect. 
4.2.3]. Example 12.2 and Remark 12.4 (a) explain how the axiomatized context applies naturally 
to special fibres as above. Subsections 12.2 and 12.3 contain many tools one needs in applications 
(the number and dimensions of strata, specializations between strata, etc.). 

1.8. Generalizations 

Let a, 6 G Z with b > a. The methods of Sections 5 to 7 and 9 to 12 work even if we replace 
the roles of the quadruple (M — (B , (f), /j, : Gm G, L) and of -D-truncations by the ones of 
an analogue quadruple 

(2) (M = (StaF^fi : Gm ^ G,L := {g e G{W{k)M(BtaP~' ^ = ®\^aP~'n) 

and of F-truncations defined in [37, Subsubsect. 3.2.9]. The parts of Sections 10 to 12 that rely 
on the decomposition M = ©F°, extend to the context of (2) only if 6 — a <p— 1; but a similar 
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shifting process shows that to generahze Basic Theorem C to the context of (2) we can assume 
p » 0. Thus to generahze Basic Theorems A to C to the context of (2) one only needs to: (i) 
prove based on Remark 9.5 (a) the analogue of Basic Theorem C for the case when G = GLj^ 
and (ii) apply the methods of Sections 4 to 7 and 9 to 12. 

§2. Complements on algebraic groups over k 

We include complements on a connected, smooth, affine group S over k. We recall that two 
maximal tori of S are S(^)-conjugate, cf. [1, Ch. IV, Cor. 11.3 (1)]. 

2.1. Two classical results 

Let F : S — ^ S be a finite endomorphism. Let 3^{k) be the subgroup of S(/c) formed by 
elements fixed by F. Steinberg theorem asserts (cf. [32, Thm. 10.1]): if the group 9^{k) is finite, 
then 9{k) = {hF{h)-^\h e 9{k)}. 

Often, S has a model Swpm over a finite field Fpm and F : S — )■ S is the Frobenius 
endomorphism with respect to it; the group S^{k) = 9Fpm(IF'p'") is finite and thus we have 
S{k) = {hF{h)~^\h e 9{k)}. This last identity is called Lang theorem and is equivalent to the 
fact that the set H^{¥pm.j Sppm) has only one class. 

From now on we will take S to be reductive. Let T be a maximal torus of a Borel subgroup 
S of S- Let be the unipotent radical of 3. Let Wg be the Weyl group of S with respect 
to T. For w e Wg, let hyj e S(/c) be an element that normalizes T and that represents w. 
The classical Bruhat decomposition for the pair (S, S) asserts that we have a disjoint union 
9{k) = U^^Ws'^{k)h^U'^{k), cf. [1, Ch. IV, Subsect. 14.12]. 

2.2. Bruhat F-decompositions 

We recall that S is reductive. Let -F : S — ^ S be a finite endomorphism. Let S^(^), "J^, VFg, 
and {hiij)weW3 be as in Subsection 2.1. Let CP be a parabolic subgroup of S that contains T. Let 
U be the unipotent radical of CP. Let L be the unique Levi subgroup of CP that contains 7, cf. [6, 
Vol. Ill, Exp. XXVI, Prop. 1.12 (ii)]. Let Q be the parabolic subgroup of S that is the opposite 
of CP with respect to 7 (i.e., we have Q n CP = £). Let 3Sf be the unipotent radical of Q. In Spring 
2001 we conjectured: 

Conjecture 2.1 (Bruhat F-decompositions for reductive groups over k). Suppose the 
group 9^{k) is finite. If 7 we also assume that F{7) = 7. Then each element h G S(/c) can 
he written as a product h — hih2hwF{h2^)F{h^^), where (/ii, /i2, /^s) G lL{k) x L{k) x 3\f(/c) and 
where w e ■ The minimal number of such elements w e we need is precisely [VFg : Wy] , 
where Wy := {w e Wslh^'Ph-^ = CP}. 

Since 2001, there have been three approaches to the Conjecture 2.1. 

• The inductive approach presented in this paper and which is carried on in Corollary 7 (a) 
for those cases that are related to Shimura F-crystals over k. 

• The elementary approach of [31] based on group actions (that works in very particular 
cases). 

• The approach based on partial fiag varieties associated to S presented in [12] (an equivalent 
form of Conjecture 2.1 is claimed in [12, Cor. 4.1]; but the passage from loc. cit. to Conjecture 
2.1 requires substantial work which is not presented in [12]). 

For the sake of being self-contained, of providing more algebraic geometric background to 
Shimura F-crystals, and of presenting the original approach to Conjecture 2.1, in this paper we 
do not rely on [12] or [31]. 
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2.2.1. The T-actions 

Behind Conjecture 2.1 there exists a group action 

on the /c- variety S defined as foUows. Let !K :— U L x^iNbe endowed with a new group 
structure via the rules: if (ri,r2,r3), (si, 82,83) G !K(/c), then 

(3) {ri,r2, rs) • (si, S2, S3) := (rir2Sir^\ r2S2, r3r2S3r2"^) G J{{k) 

and (ri,r2,r3)~^ := (r^^rf V2, r^^, V3" V2) G !K(/c). 

If y 7^ S, then this new group structure (on !K) is truly new i.e., it is not the natural 
product group structure (on J-C). We call this new group structure (on "K) the semidirect product 
group structure. Note that is isomorphic to the semidirect product {U x^J^) x ^ £ defined by 
the inner conjugation action of L on IX x^ !N. Thus, if ^ L is the epimorphism that maps 
{ri,r2,rs) G 'K{k) to r2 G C{k), then we have a short exact sequence 

(4) l^lXXfcN^:K^£^l. 

The new group structure on IX x^ £ (resp. on £ Xfc IN") is isomorphic to CP (resp. to Q) via 
the isomorphism which on A;-valued points maps (ri,r2) G "{[{k) x L{k) to r-^r^ G CP(/c) (resp. 
maps (r2,r3) G £j{k) x J{{k) to rsr2 G Q{k)). The product A;-morphism It x^ £ x^ !N" — >■ S is an 
open embedding around the identity elements, cf. [6, Vol. Ill, Exp. XXII, Prop. 4.1.2]. Thus 
dim(J{) = dim(U) + dim(£) + dim(K) = dim(g). 

We define the T-action Tg^y^^-^i? via the following rule on /c- valued points 

(5) Tg,y,T,F((ri, r2, rs),h) := rir2hF{r2')F{r^^). 

Each orbit of Tg^y^-j.F is a connected, smooth, locally closed subscheme of S, cf. [1, Ch. I, 
Subsect. 1.8, Prop.] and the fact that "K is connected. Our first motivations for Conjecture 2.1 
are based on the following Proposition. 

Proposition 2.2. Suppose the group S^{k) is finite. If? ^ we also assume that F(T) = T. 
We have: 

(a) If ho G 9ik), then the group ^^°^^o\k) = {h e 5ik)\hoF{h)ho^ = h} is finite. 

(b) Conjecture 2.1 holds if and only if the action Tg y has precisely \Wq : Wj>] orbits 
and each such orbit contains for some element w G VFg . For each w G Wq the orbit of h^j 
under Tg^y^-j.F depends only on w E Wq (i.e., it contains 7{k)hw). 

(c) //CP = S, then Conjecture 2.1 holds. 

(d) Let CP' and 7' be the images of 7 and 7 (respectively) in S^'^. Let F' : Q^'^ — )■ Q^'^ be the 
endomorphism induced naturally by F. Then Conjecture 2.1 holds for the quadruple (S,CP, T, F) 
if and only if it holds for the quadruple (S**^, CP', 7', F'). 

(e) If ho & Sik) normalizes 7, then Conjecture 2.1 holds for the finite endomorphism 
F : 3 ^ 9 if and only if it holds for the finite endomorphism hoFh^^ : S — > S- 

(f) If T is a Borel subgroup !B of 9, then Conjecture 2.1 holds. 

Proof: As we have a central isogeny from S to times the abelianization of S, it suffices 
to prove (a) when S is either a torus or an adjoint group. The case when S is a torus is trivial. 
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We now assume S = S^'^. As F maps a simple factor of S to a simple factor of S, (by replacing 
F with positive integral powers of itself) it suffices to check (a) under the extra hypothesis that 
9 is simple. As S''^(^) is finite, F is not an automorphism (cf. [32, Cor. 10.13]). Thus h^Fh^^ is 
not an automorphism. Thus the group ^^^Fh^ g^^^g (^^f ^^^^ { (^^^ holds. 

We prove (b) and (c). The first part of (b) is obvious. If IP = S, then the second part of 
(b) and (c) are only a reformulation of the first paragraph of Subsection 2.1 (for S reductive). 
Thus (c) holds. We check the second part of (b) for the case when CP ^ S- For /i2 G ^"(/c) there 
exists /i2 G 7{k) such that ^2 = h2h^F{h2^)h~^ , cf. (c) applied to the finite endomorphism of 
T defined by hyjFh~^. Thus 7{k)hu, belongs to the orbit of hu, under Tq^^^^^f- Therefore (b) 
holds. 

We prove (d). The action Tgad y/ j./^/ is naturally a quotient of the action Tg y y j;'. Thus 
under the epimorphism S 9^'^, each orbit of Tc^^y^y^p surjects onto an orbit of Tgad y/ y/ j;'/. 
Due to this and the fact that the center of S is contained in T, part (d) follows from (b). 

We prove (e). The orbit of h^^ under T^, ^ ^ hoFh~^ right translation by h^^ of the 

orbit of hijjhQ under Tg^y^o",F- Prom this (e) follows, cf. (b). 

We prove (f). We have L =7. By replacing F with some hoFh^^, wc can assume FCN) = U 
(cf. (e)). Let w G VFg. Due to the second part of (b), the orbit of under Ti^^y^'j^F is UT/i^yU = 
"yhyjU.. Thus (f) is equivalent to the existence of the Bruhat decomposition of Subsection 2.1 
applied with (2,11^) = (y, U). □ 

Lemma 2.3. Suppose S is a simple, adjoint group over k. 

(a) The center of Xie(S) is trivial. 

(b) Let 7 he a maximal parabolic subgroup of 9 such that its unipotent radical 11 is commu- 
tative. Then the centralizer c of Lie(\L) in LieC?) is LieCW) . 

Proof: As S is adjoint, its center is trivial. Thus (a) holds. Wc check (b). As U is 
commutative, it centralizes LieCU). Thus Lie(lX) C c. To end the proof of (b) it suffices to show 
that the assumption that Lie(ll) C c leads to a contradiction. This assumption implies that c 
contains a non-zero element of Lie(£), where £ is a Levi subgroup of CP. But the representation 
L — > GZ*Lie(u) induced by the inner conjugation action of CP on LieCU) is a closed embedding, cf. 
[36, Prop. 5.1]. This implies that c contains no element of Lie(£). Contradiction. □ 

Proposition 2.4. Let M be a finite dimensional vector space over k. We assume Q is a reductive 
subgroup ofGLj^- Let So be a connected, smooth subgroup of S that contains a maximal torus of 
S- Let Si and S2 be tori ofGLj^^ generated by images of cocharacters ofGL^ of weights { — 1, 0}. 

(a) The tori Si and S2 commute if and only if [^^6(5"!), Lie{S2)] = 0. 

(b) Suppose Lie{Si) C Lie{So) and S2 is a maximal torus of S- Then Si centralizes a 
maximal torus of Sq. If moreover p > 2, then Si normalizes Lie{So). 

Proof: We prove (a). The only if part is trivial. To check the if part we can assume Si 
and ^2 are of rank 1. But this case is trivial. Thus (a) holds. 

We prove the first part of (b). We will consider the following process. If Lie(S'i) is not 
contained in the center of Lie(jS'o), Ist xq G Lie(5'i) be such that it does not centralize Lie(S'o). 
Let Co be the identity component of the centralizer of xq in Sq. As xq is a semisimple element 
of Lie(5'o), the group scheme Cq is smooth and Lie(Co) is the centralizer of xq in Lie(5'o) (cf. [1, 
Ch. Ill, Subsect. 9.1]). Thus Lie(S'i) C Lie(Co). As xq is contained in the Lie algebra of a torus 
of (cf. [1, Ch. IV, Prop. 11.8]), the group Cq contains a maximal torus of Sq. As the maximal 
tori of So are S'o(A;)-conjugate, Cq also contains a maximal torus of S- If Lie(S'i) is not contained 
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in the center of Lie(Co), we repeat this process in the context of the pair {Si, Cq) instead of the 
pair {Si, So). 

After a finite number of steps that perform this process, we reach a context in which Lie(5'i) 
is contained in the center of the Lie algebra of a connected, smooth subgroup of Sq that contains 
a maximal torus 5*2 of S. As 5*2 and 5*2 are S(fc)-conjugate, 5*2 is also generated by images of 
cocharacters of GLj^ of weights { — 1,0}. As [Lie(5'i), Lie(S'2)] = 0, from (a) we get that 
centralizes the maximal torus 5*2 of Sq. 

To check the last part of (b) we can assume has rank 1. Let Is^ e Lie(S'i) be the unique 
non-zero semisimple element whose eigenvalues (as an endomorphism of M) are and —1. Let 
Lie(5'o) = c_i © Co © Ci be the direct sum decomposition such that for i G { — 1,0, 1} and x E Ci 
we have [151,0;] = ix. This makes sense as p > 2. Now it is easy to see that normalizes for 
all i G { — 1,0, 1}. Thus 5*1 normalizes Lie(S'o). □ 

Lemma 2.5. Suppose k is an algebraic closure of a finite field n of characteristic p. Let Z he a 
connected, smooth group over k. Let V be a smooth subgroup of Z whose identity component V° 
is unipotent. Then the quotient K-varieties X := Z/V and Xq := Z/V^ have the same number of 
K-valued points. 

Proof: If Z is affine and V/V^ is a constant etale group in which V{k) surjects (this is the 
case needed in this paper), then one can check this Lemma via a direct count of K-valued points. 

The proof below is due to Serre and Gabber (independently). Let / be a prime different 
from p. Let H*(J) (resp. H*(J)) be the /-adic cohomology (resp. the /-adic cohomology with 
proper support) with coefficients in of the extension to k of the re-variety J. We claim that the 
Q/-linear map H*(X) — )> H*(Xo) associated to the quotient morphism Xq — >■ X, is an isomorphism. 
If we know this, then X{k) and Xo(re) have the same number of elements equal to the Lefschetz 
number of the Frobenius acting on the cohomology with compact support. 

As Xfc is the quotient of Xq/c under the right action of C := V{k)/Vo{k) on Xq/c, the 
mentioned Q^-linear map H*(X) — > H*(Xo) is injective and its image is made up of the elements 
of H*(Xo) fixed by C; the same holds for H*. This is a very special case of the Hochschild-Serre 
spectral sequence, cf. [44, Exp. VIII, p. 406]. 

As Vq is unipotent, it has a normal series whose quotient factors are groups (cf. [6, Vol. 
II, Exp. XVII, Cor. 4.1.3]). Thus the geometric fibres of the quotient morphism 2, — )■ Xq are 
isomorphic to A'*, where d := dimCVo). The Q^-linear map H*(Xo) — )■ 11*{Z) associated to 2. — > Xq 
is an isomorphism and the same holds for H* with a Tate- twist by {d). This is a general fact on 
smooth, surjective, separated, finite type morphisms whose geometric fibres are affine spaces and 
thus are acychc for / (see [44, Exp. XVI, Cor. 1.16 and Thm. 2.1] and [44, Exp. XVII, Cor. 1.2] 
for the case of H*). 

Based on the last two paragraphs, to prove the claim it suffices to show that the natural 
right action of Z{k) on H*(2.) is trivial. But as Z is connected, this is implied by [7, Cor. 6.5]. □ 

§3. Elementary properties of reductive group schemes 

Let R, E, D, and K be as before Subsection 1.1. Let E'^^' , Z{E), and E^ be the derived 
group scheme of E, the center of E, and the adjoint group scheme of E (respectively). Thus we 
have = E/Z{E) and E'-""" := E/E'^''' is the abehanization of E, cf. [6, Vol. Ill, Exp. XXII, 
Def. 4.3.6 and Thm. 6.2.1]. Let E'^'^ be the simply connected semisimple group scheme cover of 
^der rpj^g g^Q^p scheme Z{E) is of multiplicative type, cf. [6, Vol. Ill, Exp. XXII, Cor. 4.1.7]. 
Let Z^{E) be the maximal torus of Z{E); the quotient group scheme Z{E)/Z^{E) is finite, flat 
and of multiplicative type. If fi : Gm — > -E is a cocharacter of E, let dp, : Lie(Gm) — > Lie(£^) be 
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the Lie homomorphism defined by fl. A cocharacter fi^ '■ '^m ~^ is said to have weights 

{—1, 0} if it produces a direct sum decomposition K — Kq © Ki such that for i e {0, 1} we have 
Ki ^ and Gm acts through fix on Ki via the — z-th power of the identical character of G^. 

A parabohc subgroup scheme of E is a smooth, closed subgroup scheme Pe of E whose fibres 
are parabolic subgroups over fields. The unipotent radical Ue of Pe is the maximal unipotent, 
smooth, normal, closed subgroup scheme of Pe; it has connected fibres. The quotient group 
scheme Pe/Ue exists, cf. [6, Vol. Ill, Exp. XXVI, Prop. 1.6]. We identify Ue with the closed 
subgroup scheme of E^'^ which is the unipotent radical of the parabolic subgroup scheme of E^^ 
that is the image of Pe in E^^. A Levi subgroup scheme Le oi Pe is a reductive, closed subgroup 
scheme of Pe such that the natural homomorphism Le ^ Pe/Ue is an isomorphism. 

For a finite, fiat monomorphism Rq •— > R, let Kes^i^/ji^^D be the group scheme over Spec(i?o) 
obtained from D through the Weil restriction of scalars (see [4, Subsect. 1.5] and [3, Ch. 7, 
Subsect. 7.6]). If -Ri is a commutative i?o-algebra, we have a canonical and functorial group 
identification Resji/ii^D{Ri) = D{Ri iSirq R). The pull back via Spec(i?) — > Spec(i?o) of an 
object or a morphism Y or (resp. with * an arbitrary index different from Rq) of the 
category of Spec(i?o)-schemes, is denoted by (resp. by Y^r). 

Until Subsection 3.3 we recall known properties of D, E, and trace maps. Subsection 3.3 
specializes to the concrete context of the reductive, closed subgroup scheme G of GLm and we 
list basic notations and properties. 

See [24, Prop. 2.1] for a proof of the following direct application of Lang theorem. 

Lemma 3.1. Let D be a smooth group scheme over SpecCZp) that has a connected, affine special 
fibre I^Fp- Let the automorphism a ofW{k) act on D{W{k)) in the natural way. Then for each 
element h e D{W{k)), there exists an element h e D{W{k)) such that we have h = ha{h~^). 

Proposition 3.2. See Subsection 1.1 for M. Let be a Zp-structure of M i.e., a free TLp- 
module such that M = Mz^ W{k). Let D be a smooth, closed subgroup scheme of GLm 

such that: (i) its generic fibre DB{k) is connected and (ii) there exists a direct summand t) of 
Endzp{Mzp) with Lie{D) = d Wifi). Then there exists a unique smooth, closed subgroup 
scheme Dz^ ofGLuj.^ such that D = Dz^, Xspec(Zp) Spec{W{k)). 

Proof: Let ^1,^2 '■ Spec{B{k)®Q^B{k)) — > Spcc(i?(A;)) be the two projections. As B{k)®Q^ 
B{k) is a reduced Qp-algebra, the smooth closed subgroup schemes ql{DB{k)) and q2{DB{k)) 
of GL Mj^^®j^^B{k)®QpB{k) are reduced and their Lie algebras are equal to B{k) B{k). 
Thus the fibres of ql{DB{k)) and g|(L>B(fc)) are naturally identified, cf. [1, Ch. II, Subsect. 
7.1]. Therefore we can identify qi{DB(k)) = ^ll-^BCfc))- Due to this identification, we have 
a canonical descent datum on the subgroup Dsik) of GLj^yi-\ with respect to the morphism 
Spec(i?(A;)) — Spec(Qp). As D^^k) is affine, the descent datum is effective (cf. [3, Ch. 6, Thm. 
6]); thus DB{k) is the pull back of a subgroup Dq^ of GLj^^ jij. Obviously L>Qp is connected. 

As Lie(DQj B{k) = Ue{DB(k)) = f [^] ®Qp B{k), we get Lie(L>Qj = d[^]. Let D^^ be 
the Zariski closure of Dq^ in GLm^^- As D is the Zariski closure of DB(k) in GLm, we have 
D = Xspec(Zp) Spec{W{k)). Thus Dz^, is smooth. The uniqueness of Dzp is implied by the 
fact (cf. [1, Ch. II, Subsect. 7.1]) that Dq^ is the unique connected subgroup of GLm^ [i] whose 

Lie algebra is I) [^]. □ 

Proposition 3.3. Let R G {k,Zp, W{k)}. Let E be a reductive group scheme over Spec{R). Let 
Xe and Xe be two smooth, closed subgroup schemes of E that have connected fibres and that 
contain a fixed torus Te of E. 
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(a) The centralizer Ce of Te in E is a reductive, closed subgroup scheme of E. The 
normalizer Ne of Te in E is a smooth, closed subgroup scheme of E whose identity component 
is Ce- 

(b) If Te is a maximal torus of E, then the normalizer of Xe in E is represented by a 
smooth, closed, subgroup scheme of E whose identity component is Xe- 

(c) Suppose Te is a maximal torus of E. If Lie{XE) = Lie{XE), then Xe = Xe- 

(d) If R = W{k), XEk = ^Ek} o-T^d Te is a maximal torus of E, then Xe = Xe- 

(e) The reductive group scheme E has maximal tori. 

Proof: Part (a) follows from [6, Vol. Ill, Exp. XIX, Subsect. 2.8 and Prop. 6.3]. Part (b) 
is a particular case of [6, Vol. Ill, Exp. XXII, Cors. 5.3.10 and 5.3.18 (ii)]. Parts (c) and (d) 

are particular cases of [6, Vol. Ill, Exp. XXII, Cors. 5.3.5 and 5.3.7]. li R = k or R = W{k), 
then (e) is a particular case of [6, Vol. Ill, Exp. XIX, Prop. 6.1]. We check that (e) holds if 
R — Zp. Let * be a maximal torus of E^ , cf. [1, Ch. V, Thm. 18.2 (i)]. As the functor on the 
category of Spec(Zp)-schemes that parameterizes maximal tori of E is representable by a smooth 
Spec(Zp)-scheme (cf. [6, Vol. II, Exp. XII, Cor. 1.10]), we get that E has a maximal torus that 
lifts *. □ 

Lemma 3.4. Let E be a reductive subgroup scheme ofGLM- Then E is a closed subgroup scheme 
ofGLM! thus Lie{E) as a W{k)-module is a direct summand of Endy\/(^k){M). Moreover E is the 
unique reductive subgroup scheme ofGLM whose Lie algebra is Lie{E). 

Proof: The first part is a particular case of [6, Vol. II, Exp. XVI, Cor. 1.5 a)]. Let Ei 
be a reductive subgroup scheme of GLm such that Lie(£'i) = Lie(£'). We have EiB(k) — EB{k): 
cf. [1, Ch. II, Subsect. 7.1]. Thus Ei and E are both equal to the Zariski closure in GLm of 

EiB{k) = EB{k) ■ n 

3.1. Decompositions 

Let * e {Fp, k}. Let E be an adjoint group scheme over Spec(H^(*)). Let E^ = Y[j£j{E) ^* 
be the product decomposition into simple, adjoint groups over * (cf. [33, Subsubsect. 3.1.2]). 
This decomposition lifts uniquely to a product decomposition E = YijeJ{E) simple, adjoint 

group schemes over Spec(VF(*)) (cf. [6, Vol. Ill, Exp. XXIV, Prop. 1.21]). Suppose now * = Fp 
and Efp is a simple, adjoint group over Fp. There exists a unique number q eN such that E^^ is 
isomorphic to Hes^^g /^^E^^q , where E^^q is an absolutely simple, adjoint group over Fp^ (cf. [33, 
Subsubsect. 3.1.2]). From [6, Vol. Ill, Exp. XXIV, Prop. 1.21] we get that Ew^^ lifts uniquely to 
an adjoint group scheme E over Spec(I^(Fp<i)) and that E is isomorphic to Resw{Fpq)/ZpE. 

3.2. Trace maps 

Let M be a free W{k)-m.odule of finite rank. Let £ be a reductive subgroup scheme of 
GLj^. The Lie subalgebra Lie(£) of Endvi/(fc)(M), when viewed as a VF(fc)-submodule, is a direct 
summand (cf. Lemma 3.4). Let p : t "-^ GLj^ be the resulting faithful representation. We refer 
to [9, Part III, Sect. 20] for spin representations over C and to [13, Ch. 27] for their versions 
over Spec(Z). For x, y e Lie(£) let Tr(a;, y) be the trace of the endomorphism xy of M. We get 
a symmetric bilinear map Tr : Lie(£) x Lie(£) — > W{k). 

Lemma 3.5. The trace map Tr is perfect i.e., it induces naturally a W{k)-linear isomorphism 
from Lie{8.) onto IIom\Y(k)iLie{E),W{k)), if any one of the following disjoint five conditions 
holds: 

(i) p is an isomorphism; 
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(ii) p is the standard faithful representation SL^ GL^ and p does not divide n; 

(iii) p > 2 and p is the spin faithful representation GSpin2n+i (n > 1); 

(iv) p > 2 and there exists n G 2N such that p is either Spn )■ GL^ or SO^ ^ GL^; 

(v) p > 2 and p is a spin faithful representation GSpin2n ^ GL2n . 

Proof: The Lemma is well known if (i) holds. Thus we can assume that one of the conditions 
(ii) to (v) holds. Let Tr/- : Lie(£fe) x Lie(£fc) khe the reduction mod p of Tr. Let 

a := {a; e Lie(£fc)|Trfe(a;, y) = Vy e Lie(£fe)}. 

As for X, y, z E Lie(£) we have Tr(a;, [y,z]) = Tr{[x,y], z), d is an ideal of Lie(£A;). If (ii) or 
(iv) holds, then Lie(£fc) has no proper ideals (cf [14, Subsect. (0.13)]) and it is easy to see that 
a7^Lie(£fc); thus 3 = 0. 

Suppose (iii) or (v) holds. For simplicity, we refer to the case (iii) as (v) is the same. 
Let p, : Gm ^ £ be a cocharacter that defines a cocharacter of GLjyi of weights {—1,0}, cf. 
[30, p. 186] applied over B{k) and the fact that, as £ is split, each cocharacter of S^Bik) is 
£(5(A;))-conjugate to the generic fibre of a cocharacter of £. As p > 2, we have a direct sum 
decomposition Lic(£) = Lie{8,^^^) © Lie(Z(£)) and Lie(£*^'^'') is the ideal of Lie(£) of trace 
elements. Let Iq G Lic(£) be the image under dp of the standard generator of Lie(Gm)- The 
multiplicities of the eigenvalues —1 and of Iq are 2'^~^, cf. [28, Table 4.2]. It is easy to see that 
Tic{lo + ilM, lo + |1m) = 2"-2. Thus lo + |1m is an element of Lie(£'^'^'^) (as its trace is 0) whose 
reduction mod p does not belong to J (as p > 2). Moreover Lie(Z(£fe)) = klj^/pj^ is not included 
in 3- But Lie(£^'^'') and Lie(Z'(£fc)) are the only proper ideals of Lie(£fe) = Lie(£^®'^)©Lie(Z(£fc)), 
cf [14, Subsect. (0.13)]. Thus 3 = 0. 

As in all cases we have 3 = 0, the trace map Tr is perfect. □ 

3.3. On G and its closed subgroup schemes 

Let M — (B , p, : Grn G, and Iq be as in Subsections 1.1 and 1.1.3. We will recall 
basic properties of closed subgroup schemes of G and we introduce the basic notations we will 
often need in what follows. 

3.3.1. Root decomposition 

The cocharacter p is either trivial or a closed embedding monomorphism. Thus Im(/i) is 
a torus of G. The centralizcr of Im{p) (equivalently of Iq) in G is a reductive, closed subgroup 
scheme L of G, cf. Proposition 3.3 (a). Let T be a maximal torus of L (cf. Proposition 3.3 (e)); 
it is also a maximal torus of G. Let 

Lie(G') = Lie(T) © fla 

be the root decomposition relative to T: $ is a root system and T acts on the rank 1 direct 
summand of Lie{G) via its character a. For a G $, there exists a unique Ga-subgroup scheme 
Ga,a of G which is closed, normalized by T, and with Lie(Ga^Q:) = da (cf [6, Vol. Ill, Exp. XXII, 
Thm. 1.1]). Let ■= Qa/Pda Q Lie(G'fe). 

Let $c be a closed subset of $; we have ($c + $c) n ^> C $c ^ $. We recall that there 
exists a unique connected, smooth subgroup of Gk that contains Tk and whose Lie algebra 
is Lie(Tfc) © 0^6$, 0a, cf [6, Vol. Ill, Exp. XXII, Thm. 5.4.7]. The group H^^ is generated by 
Tfe and by Ga^a^s with a G <I>c: cf [6, Vol. Ill, Exp. XXII, Lemma 5.4.4]. Let $d be another 
closed subset of We have H^^ ^ H^^^ if and only if $c Q ^d, cf. either [6, Vol. Ill, Exp. XXII, 
Prop. 5.4.5 (ii)] or the mentioned generation property. 
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3.3.2. On tori 

For m e N let Wm{k) := W{k)/{p'^). Let Ti and T2 be two tori of G sucii tiiat Tik < Ta^. 
There exists a unique subtorus T3 of T2 such that T^k = ^ife- Let hm G Ker(G(W^(/c)) — )■ G{k)) 
be such that hmTiWm{k)h^ = 23vi^^(fc), cf. [6, Vol. II, Exp. IX, Thm. 3.6]. We can assume 
hm+i lifts hm: cf. loc. cit. Let h G Kev{G{W{k)) — >■ be the unique element that lifts hm 

for all m G N. We have hTih'^ = T3 ^ T2. 

As any two maximal tori of Gk are G(/c)-conjugate, from the previous paragraph we also 
get that any two maximal tori of G are G(VF(A;))-conjugate. 

3.3.3. Defining N and U 

We identify Hom|y(fc)(F-'^, F°) with the the maximal direct summand of End\Y(k){M) on 
which n acts via the identical character of G^. Let iV^'^ be the smooth, closed subgroup 
scheme of GLm defined by: if i? is a commutative VF(A;)-algebra, then N^^^{R) := 'i-M(^w(k)R + 
Hompi.(fc)(F\FO) ®w{k) R- We have an identity Lie(iV''^s) = Homv7(fc)(F\ Let := 

A^^s n G. As // factors through G, the intersection B.om.k{F^ / pF^ , / pF^) fl Lie(Gfc) equals 
(Homvt^(fc)(F^, F°) n Lie(G)) ®w{k) k. Prom this we get that: 

N{R) = lM®^(,)ii + {liomwik){F\ F°) n Lie(G)) ®wik) R- 

The group scheme A is connected, smooth, commutative, and unipotent. Moreover we have an 
identity 

Lie(A) = HomvK(fc)(i^^ F^) n Lie(G). If a; G Lie(A), then := a; o x = 0. 

Similarly, the rule U{R) = lMigiw(k)R + (^'^^w{k){F^ : F^) n Lie(G')) (^w{k) R defines a 
connected, smooth, commutative, unipotent, closed subgroup scheme U of G. We have Lie{U) = 
Homv7(fc)(F0,Fi) nLie(G). If y G Ue{U), then :^yoy^O. 

3.3.4. Defining Q and P 

As the cocharacter /j, factors through G and produces a direct sum decomposition M = 
® we have a direct sum decomposition of T- modules 

Lie(G') = Lie(A) ® Lie(L) ® Ue{U). 

This implies that we have a disjoint union ^ = ^ ^n, where 

:= {a G ^Ifla Q Lie(A)}, $l := {a G $|0a C Lie(L)}, and ■= {a G $|0a Q Ue{U)}. 

Moreover = —^n- It is easy to see that we have product decompositions 

A= J] Ga,a and t/= J] Ga,a- 

The direct sum Lie(A) ® Lie(L) (resp. Lie{U) © Lie(L)) is a Lie subalgebra of Lie(G). If 
a, /3, a + /3 e then [0a[^]) 0/3[^]] = 0a+/3[^] (cf- Chevalley rule). The last two sentences imply 
that $Q := $iv U $L (resp. $p := $[/ U is a closed subset of Moreover $g U -$q = 
$P U -$p = $. Thus $Q (resp. $p) is a parabohc subset of Thus Lie{Q) (resp. Lie(P)) is 
the Lie algebra of a unique parabolic subgroup scheme Q (resp. P) of G that contains T, cf. [6, 
Vol. Ill, Exp. XXVI, Prop. 1.4]. As $jv = $Q \ -$Q (resp. = $p \ -$p), from [6, Vol. Ill, 
XXVI, Prop. 1.12] we get that the unipotent radical of Q (resp. P) is N (resp. U). Moreover L 
is the unique Levi subgroup scheme of Q (resp. P) that contains T, cf. loc. cit. 
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Let P be the normalizer of in G. Its Lie algebra Lie(PB(-fc)) = {x E Lie(Gs(fc)) [i]) C 
-^""^[p]} equals Lie{PBi^k)) = Lie(Lg(-fc)) (B 'Lie{UB{k))- Thus PB(k) is the identity component of 
Psik)-, cf- [1, Ch. II, Subsect. 7.1] and the fact that PB(k) is connected. Thus PB{k) is a parabolic 
subgroup of GB{k) and therefore it is also connected. Thus PB{k) = PB{k) and P ^ P. A similar 
argument shows that P^ — Pk- Thus P — P i.e., P is the normalizer of in G. A similar 
argument shows that Q is the normalizer of F° in G. Thus P (iQ = L. This implies that P and 
Q are opposite parabolic subgroups of G, of. [6, Vol. Ill, Exp. XXVI, Thm. 4.3.2]. 

The product VF(fc)-morphism P y<spec(w{k)) N ^ G is an open embedding at identity 
sections (cf. [6, Vol. Ill, Exp. XXII, Prop. 4.1.2]) and P n N is the identity section. Thus 
P Xspec(VK(fe)) iV ^ G is an open embedding. 

§4. Basic properties of Shimura F-crystals over k 

Subsection 4.1 lists notations that will be often used throughout the paper. Subsection 4.2 
introduces some Zp-structures. Subsection 4.3 recalls a basic result of [17] and includes simple 
properties of D-truncations that lead to the existence of the set RqLm- Subsection 4.4 defines 
the simple factors of the pair (Lie(G^'^), 0). 

4.1. Standard notations 

Always the notations 

M = ® F°, : ^ G, Cg = (M,£f0,G), L ^ G{W{k)), P,T^Nt^G, M, 
4>J, G-g = {M,g^Jg-\Gk), lo e Endwik){M), w e Wg, e G{W{k)), Wp ^ Wg, 
loo = {<Gg>\ge GiWik))}, and I={<e-g>\ge G(fc)} 

are as in Subsection 1.1. Let r := rk(M) and d := rk(F^). Let {ei,... ,6^} be a W{k)-hasis 
for M such that {ei,... ,6^} C F^, {e^+i,... ,er} Q -F°, and T normalizes W{k)ei for all 
i e {1,... ,r}. Let {ei^^j2|l < ii,i2 < r} be the standard W{k)-hasis for End\Y{k){M) such 
that ei-^^i^{ei^) G {0,6^-^} is e^^ if and only if Z2 =13- The element Iq is the image under dn of 
the standard generator of Lie(Gm); thus Iq G Lie(T). For a; G M U Endvi/(A;)(Af ), let x be the 
reduction mod p of x. Thus G M, Iq G Lie(Tfc), etc. If a; G Endvi/(A;)(Af ) and (7 G G(VF(/c)), let 
5r(a;) := gxg'K Let L, Lie(G) = Lie(T) © 0^g$0a, and Ga,a, N, U, Q, P, $jv, ^l, ^u, ^q, 
and $p be as in Subsection 3.3. Let be a Borel subgroup scheme of G such that T ^ B ^ P. 
Let i?°PP be the Borel subgroup scheme of G that is the opposite of B with respect to T; we have 
B n s°pp = T. 

4.1.1. Notations of combinatorial nature 

For Q! G $ we define a number 

£(a)G {-1,0,1} 

by the rule: e{a) = — 1 if a G $Ar, e{a) = if a G $l, and e{a) = 1 if o; G $[/. As 5fu,0(Lie(T)) = 
Lie(r) (cf. (1)), there exists an automorphism of root systems 

TTu, : $ ^ $ 

such that ^w0(0a[^]) = 07r^(a)[^]- Let 0{w) be the set of orbits of tt^ (viewed as a permutation 
of $). For o G 0{w) let |o| be the number of elements of o, let Qo '•= ©aeofla; and let Qo '■= Qo/p&o- 
Let 0{w)° := {o G 0{w)\o C For a G $iv let 
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be the smallest number such that ■n'^°'{a) ^ $i (i.e., such that 7r^°(Q;) e $iv U ^u)- Let 
^^'^ := {a e $iv|7r^"(a) e = {a e $Ar| - 7r^"(a) G ^at} and 

:= {« e e $iv} = {« e $iv| - e = $iv \ ^tT- 

The function S : Wg — > N U {0} mentioned in Subsubsection 1.1.3 is defined by the rule 

S{w) := the number of elements of 
Let o+ :=on^p'. Let 0{w)+ := {o e 0(t(;)|o+ ^ 0}. For o e 0{w)+ let 

o := Uc,eo+{7r^(a)|l < i < Wa} Cod^p. 

4.2. Some Z^-structures 

We start by not assuming that (1) holds. Let 

CTg := gcpiJ^ip), where g e G{W{k)). 
It is a cr-linear automorphism of M that normalizes Lie(G). As k is algebraically closed, 

Ml := {x e M|a^(x) = x} 

is a Zp-structure of M and Lie(G) is the tensorization with W{k) of a Lie subalgebra of Endzp {M^). 
Thus G is the pull back to Spec(VF(A;)) of a reductive, closed subgroup scheme G| of GLm^ , 

P Zp 

cf. Proposition 3.2. For z e Z, cr* acts naturally on: (i) subgroup schemes and cocharacters 
of either Gk or G, (ii) the groups G{k) and G{W{k)), and (iii) Lie(G). For instance, (T'^g{jJi) is 
the cr^-conjugate of ^ i.e., it is the cocharacter of G whose image has a Lie algebra generated 
by a"*(/o) = agloa~'^ G End^(fc)(M) and which acts on M via the trivial and the inverse of the 
identical character of G^. We have g(f){Lic{T)) = a"c,(Lie(T)) = Lie((Tg(T)). 

Let ^corr G G{k) be such that ^corrC^i^ (^fc)^TOrr = ^fe- Let gcoTT G G{W{k)) be such 
that it lifts ^corr and we have ^corrCiM(^)^corr = '^Pcorr(^) = ^1 Subsubsection 3.3.2. Thus 
(7corr'^(Lie(T)) = cTg_(Lie(T)) = Lie(T). The two°sets {CJ^ G G{W{k))} and {Ggg^^Jg G 
G{W{k))} are equal. Therefore for the study of C^'s and of their iI>-truncations mod p, we can 
replace by gcorr4>- Thus to ease notations, until the end we will assume that gcorv = 1m- 
Therefore (1) holds i.e., we have (/)(Lie(T)) = Lie(T). 

Let w G Wg. We have Lie(c73^(T)) = ag^{Ue{T)) = gyj(j){Ue{T)) = Lie(T). Thus {x G 
Lie(r) I crp^(x) = a;} is a direct summand of Endzp(Mzp) and a Zp-structure of Lie(T). Thus T 
is the pull back to Spec(VF(A;)) of a maximal torus T|'"" of Gj^ (cf. Proposition 3.2); in general 
the isomorphism class of depends on w. For t G T(W{k)) let ti G T{W{k)) be such that 
t = tiag^{ti^), cf. Lemma 3.1 applied to T^J. We have tg^cj) = tig^cpt^^. This implies that: 

Lemma 4.3. Let w G Wq- The inner isomorphism class < Gg^ > depends only on w and not 
on the choice of the representative g^ G NT{W{k)) of w. Also, if gi G Ker{G{W{k)) G{k)), 
then < Qg^tg^ >=< Gg^g^ >, where g2 := t^^giti G Ker{G{W{k)) G{k)). 

4.2.1. Extra notations 

Let 

Gz, :=G'i:^ and Tz, := T^^-. 
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In what follows we will often denote a"i^ simply by o. Thus we have 

Og = go and = a"/x(-). 

If /I e L, then G G{W{k)) as /x(i)/i/x(p)(M) = /x(i)/i(M + \F^) = /.(i)(M + \F^) = 

M. Thus 

(/>(/i) := (j)h(t)-^ = aii(-)hii(p)a-^ = a{p{-)hiiip)) e GiWik)). 

p p 

We have an abstract group action Tg,<^ : L x G{W{k)) G{W{k)) of L on the set G{W{k)), 
defined by 

The set of orbits of this action is in one-to-one correspondence to Iqo- In this paper we will 
mainly study the mod p version of this action. If a e (resp. if o; e ^u) ^ind if a; e Qa, 
then for h = 1m + px (resp. for h = 1m + x), we have (f){h) = 1m + cr(a^) (resp. we have 
4){h) = 1m +p(j{x)). In particular, the reduction mod p of each element of (f){U{W{k))) is 1m 
(i.e., we have <P{U{W{k))) ^ Ker{G{W{k)) G{k))). 

We consider the product decomposition into simple, adjoint groups over Spec(Zp) (cf. Sub- 
section 3.1) 

(6) ^g=n^i- 

3€J 

If (j is a torus, then as a convention J = 0. Let J'^ := {j G J|/x has a trivial image in G-'^^f^-^}. 

Lemma 4.2. Suppose n factors through Z^{G) (equivalently through Z{G)). Then Iqo = {< 
>} ^-e-, for all g e G{W{k)) we have < Qg >=< Qi^^ >. 

Proof: We have G ^ L ^ P. Thus L = G{W{k)) and for h e G(W{k)) we have (/)(/i) = 
a{h). Let h e G{W{k)) be such that g = ha{h~^), cf. Lemma 3.1 applied to Gzp- Therefore g(f)h 
is equal to ha{h~^)(j)h = h(j){h~^)(j)h = hcj). Thus h is an inner isomorphism between Ci^ and 

e,. □ 

Lemma 4.3. If j e J \ J*^, then each simple factor Gq of G^y^^^|^s^ is of classical Lie type. 

Proof: Let z e Z be such that (y^{lJiB{k)) h^is a non-trivial image in G-^^^^^y Let G-^Q^ik) ^® 
the reductive subgroup of GB(k) that is generated by Im((T'(/iB(fc))) and by the unique normal, 
semisimple subgroup of GB{k) whose adjoint is G^^^f^y The cocharacter o'^{nB(k)) factors through 
^OB(fe)' ^^^^ ^ cocharacter of GL^ji] of weights {—1,0} whose GQ^^^^(i?(/c))-conjugates 
generate Gj^^^^-j. Therefore the simple, adjoint group G-'Q^{k) ~ ^OB{k) classical Lie type, cf. 
[30, Cor. 1, p. 182]. □ 

4.2.2. Epsilon strings and slopes 

Let w e Wg- Let a e 0{w). Let m;jJ^(o) and m~{o) be the number of elements of the 

intersections ofl $[/ and ofl $iv (respectively). We write o = {a^, . . . , the numbering being 

such that TVwict'^) = a*"*"^ if z G {1, . . . , |o|}, where q;I°'+^ := a^. By the epsilon string of o with 
respect to w we mean the |o|-tuple 

sM := (£(a^),...,e(aH))G{-l,0,l}H; 
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it is uniquely determined by o and to up to a circular rearrangement. 

As (j) = cr;u(i), for a G $ we have g^^HQa) = cr^^ (p^^"^0a) = P^^"^07r^(a)- Thus for 
i G {1, . . . , |o|} we have (5'u)0)'°'(0ai) = p"^™'-°''~'"'"(°^0Q,i. Therefore all (Newton polygon) slopes 
of {Qo, 9w4^) are equal to 

m+(o) -m-(o) 

If o G 0{w)^, then to^(o) = rn~{o) — and all slopes of {Qo,gw(p) are 0. As $[/ = — $7v and 
have the same number of elements, we have 

(8) Yl i^wio) - m-io)] = 0. 

oeO{w) 



4.3. On Kraft's vi^ork and _D-truncations 

A truncated Barsotti-Tate group of level 1 over /c is a finite, flat, commutative group scheme 

Di over k that is annihilated by p and such that the complex Di DiX^crk Di is exact, where 
Fi and Vi are the Frobenius and the Verschiebung (respectively) homomorphisms. Let Di be a 
Barsotti-Tate group over k such that Di[p\ = Di, of. [15, Thm. 4.4 e)]. Let (Mi,(/)i) be the 
Dieudonne module of Di. The association Di i— >■ (Mi, (61) induces an ant iequi valence from the 
category of Barsotti-Tate groups over k and the category of Dieudonne modules over k (see [8, Ch. 
Ill, Prop. 6.1 iii)]). Let : Mi ^ Mi be the Verschiebung map of (Mi,^i). Let Mi, Fi, and 
"di be the reductions mod p of Mi, (f)i, and i?i (respectively). The classical Dieudonne theories 
(for instance, see [8, 5.1 of Ch. Ill and p. 160]) tell us that the triple B(L»i) := (Mi,^i,'i?i) 
depends only on Di and wc have Ker(<^i) = Im(i9i) (and thus also Im(^i) = Ker(i?i)); moreover, 
the association Di k-)- 3{Di) induces an antiequivalence of (the corresponding) categories. Thus 
for each g G G{k), there exists a (unique up to isomorphism) truncated Barsotti-Tate group Dg 
of level 1 over k such that we have I]){Dg) — (M, gcf), ^g~^). 

Suppose rk(Mi) = r and dimfc(Ker(0i)) = d i.e., Di is a truncated Barsotti-Tate group of 
level 1 that has height r and dimension d. In [17] (see [26, Subsects. (2.3) and (2.4)] and [22, 
Subsect. 2.1]) it is shown that there exists a /c-basis {bi, . . . ,br} for Mi and a permutation tt of 
{1, . . . , r} such that for z G {1, . . . , r} we have: 

~ 01 (^i) = if i < d, 4'i{bi) = ^7r(i) ii i > d, "i^i (6,^(4)) = ii i > d, and '&i{b-n-(i)) = bi if i < d. 

Let G GLM{W{k)) be such that gyjcj) takes to p"'*e^(j) for all z G {1, . . . ,r}, where 
rii G {0, 1} is 1 if and only ifi<d. If G = GLm, then based on Lemma 4.1 wc can assume that g^ 
is as in Subsection 1.1. By mapping bi Cj we get an isomorphism (Mi, 4>i,'&i) ^ (M, gw4>, '^gw^)- 
Thus we got: 

Lemma 4.4. Suppose G — GLm- Each truncated Barsotti-Tate group of level 1 over k of 
height r and dimension d is isomorphic to the truncated Barsotti-Tate group of level 1 defined by 
{M,gy,^,'&g~^) for some w G Wq = WqLm- Thus for each g G G{k), there exists w G Wg such 
that Qg and Cg^ are (inner) isomorphic. 

Lemma 4.5. Let gi and g2 G G{W{k)). 

(a) We have an identity Qg^ = Gg^ if and only if g2^gi G a{N)(k) (equivalently if and only 
ifMT' e {9MN)g^'){k) = <Tg,{N){k)). 
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(b) We have < C^^ >=< Cg^ > if and only if there exists /i e L such that hi2 '■= 
hgi(j){h~^)g2^ is an element of Ker{G{W{k)) -> G{k)). 

(c) We have < Gg^ >~< Gg^ > if and only if there exists hi2 G Ker{G{W{k)) G{k)) 
such that < Cp^ >=< 6/11292 >• 

(d) Statement I.4 (a) holds if and only if we have I = {< Gg^ > \w E Wq}- 

(e) // statement I.4 (a) holds, then statement I.4 (b) holds if and only if the set I has 
[Wg '■ Wp] elements. 

Proof: Let N^^^ be as in Subsubsection 3.3.3. As A^^ = N^^^DG^ (see Subsubsection 3.3.3), 
it suffices to prove (a) under the extra assumption that G = GLm- Thus N = N^^^. As §2^ = gi4>, 
we have g2^gi4> = and thus g2^9i Gx.es 0(M) = Ker(i?). Thus Ker(t?) = Ker{-{}g2^gi). Due 
to this and the equahty i} = 'dg2^gi, we get that g2^9i also fixes M/Ker(il?). But we have 
Keri'd) = (p{M) = a{F^/pF^). Thus g2^gi fixes a{F^/pF^) and M/a{F^/pF^). This implies 
that g2^gi e a{N^'^){k) = cr{N){k). This proves (a). 

We prove (b). The if part is trivial. We check the only if part. Let h e -P(fc) be an inner 
isomorphism between Gg^ and Gg.^. By replacing gi with higi(p{h^^), where hi E h lifts h, we 
can assume h — 1^. Thus C^^ = Gg^. The element (73 := g2gi^o'g^ E G{W{k)) is such that 
^3 E N{k), cf. (a). By multiplying g2 with an element of Ker{G{W{k)) — )■ G{k)), we can also 
assume that g^ E N{W{k)). Thus we can write gs — 1m +u, where u E Lie(A") (see Subsubsection 
3.3.3). Let h := 1m - pu E KeT{N{W{k)) N{k)). We have = g^^gicf) = gi^(Tg^id{^) and 
li{^)hiJ,{p) = 1m-u = g^^. We compute 

924>{h) = 92gi^(yg^i^{^)h^{p)cjg^gi = 929i^(Jg^g3^(Jg^^gi = g2gT^gig2^gi = gi- 

Thus hi2 = hgi(t){h-^)g2^ = hgig^^ = hE KeT{G{W{k)) G{k)). Thus (b) holds. 

The if part of (c) is obvious. The only if part of (c) follows from (b), as h is an inner 
isomorphism between Cg^ and 6/11232- Parts (d) and (e) follow from (c). □ 

Corollary 4.6. If G = GLm, then the statement I.4 (a) holds i.e., the set RgLm exists. 

Proof: This is only the translation of Lemma 4.4 and Lemma 4.5 (d), cf. also Lemma 4.1.0 

4.4. Simple factors of (Lie(G^'i),(/)) 

As (j) normalizes Lie{GB{k))i it also normalizes Lie(G^Y/c)) = [Lie(GB(fc)), Lie(GB(fc))]- We 
identify Lie(G*'^) with a W{k)-Lie subalgebra of Lie(G^^^-j) = Lie(G^Yfe))- We have a direct sum 
decomposition (cf. (6)) 

(Lie(G^d),0) = e,ej(Lie(Gi^(,)),0). 

As = o-/i(^), we have (/»(Lie(G^(^))) = Lie(G^(^)) if and only if j E J"". Accordingly, if 
j E J\J^ (resp. if j E J^) we say (Lie(G-^|-^p, (j)) is a non-trivial (resp. is a trivial) simple factor 
of (Lie(G"^'^), (j)). Let now j E J\J^. The Lie algebras of the simple factors of G-^^-^-j are permuted 
transitively by a and thus also hy (j) — aiJ,{^). Therefore these factors have the same Lie type Xj 
which (cf. Lemma 4.3) is a classical Lie type. 

Next we introduce types that extrapolate [5, Table 2.3.8]. For n e N we say (Lie(G-^^^-|), 0) 
is of An, Bn, or Cn type if is A^, or Cn (respectively). Suppose = with n > 4. We 
say (Lie(G-^^^^), 0) is of type if the non-trivial images of cr*(/i)'s with z e Z in each simple 
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factor Gq of G-'y^^j^y are Gq(VF(A;)) -conjugate and the centralizers of these images in Gq have 

adjoint group schemes of -Dn-i Lie type (i.e., these images define Wi cocharacters of iSOf^; see 
[28, Table 4.2]). We say (Lie(G^^^^p, 0) is of type if it is not of type. 

§5. Proof of Basic Theorem A 

Subsection 5.1 shows that there exists a group action Tq^^^j as in Subsubsection 2.2.1 which is 
the mod p version of the action Tg,4, of Subsubsection 4.2.1. The orbits of Tg;^,(t wiU parameterize 
the set I. Propositions 5.3 and 5.4 are key ingredients in the proof of the long form (see Subsection 
5.2) of Basic Theorem A. From Subsubsection 5.1.1 until Remark 5.5 we study group schemes of 
inner automorphisms of Cg's and stabilizer subgroup schemes ofTGf.,cr- The Section ends with two 
examples and a remark. Let a : Wq Wc be the automorphism defined by the automorphism a 
of the pair {G,T) that fixes (Gzp,2zp)- We use the notations of Subsections 4.1, 4.1.1, 4.2, and 
4.2.1. If e Wg, then a{w) e Wq is the unique element such that the u- linear automorphisms 
of Lie(T) defined by ga{w)4' ^^id (j)gyj coincide. 

5.1. A group action 

As the product VF(fc)-morphism P Xspeciwik)) N ^ G is mi open embedding (see Subsub- 
section 3.3.4), each element /i G L (i.e., each h G G{W{k)) such that h G P{k)) can be written 
uniquely as a product h = hoh/^, where Hq G P{W{k)) and /i4 G Ker(A^(M^(A;)) N{k)). We 
write ho = hih2, where hi G U{W{k)) and /i2 G L{W{k)). Thus h = hih2h4. We recall that for 
hehwe defined (f){h) = (j)h(j)-'^ G G{W{k)) (see Subsubsection 4.2.1). Let g G G{W{k)). Let 
gi := hg(f){h~^) G G{W{k)). As = (tii{^), we have 

gi = hg<j>{hl')<l>{h^')<j>{h^') = hg<P{h^')a{h^')4>{h^'). 

We have 4>{hi^) G Ker{G{W{k)) — >■ G{k)) (see Subsubsection 4.2.1). As L normalizes N, we can 
rewrite 

where hs := /i2/i4/i2 ^ ^ KeY{N{W{k)) — )■ N{k)) is 1m + pn^ for some element ns G Lie(A'") and 
where hs := 1m + "-3 e N{W{k)). We get 

(9) gi = hih2ga(h^^)a(h^^). 

We introduce the group action that "defines" (9). We endow Hk '■= Uk XkLk Xk^k with the 
semidirect product group structure (see Subsubsection 2.2.1). Note that Hf, is the special fibre of 
the Bruhat-Tits affine, smooth group scheme over Spec{W{k)) whose generic fibre is GB{k) and 
whose group of VF(/c)-valued points is L (equivalently of the dilatation in the sense of [3, Ch. 3, 
Subsect. 3.2] of G centered on P^). Let 

^Gk,cT ■= ^Gk,Pk,Tk,cT ■ Hk XkGk ^ Gk 

be a T-action as in Subsubsection 2.2.1. At the level of fc-valued points we have TG^.,cr{{hi, h2, hs),g) = 
hih2g(j{h2^)o'{h^^), cf. (5). Let Og be the orbit of ^ G Gk{k) under TGk,a- We consider the set 
of orbits 

O := {o-g\g G Gk{k)} 

of Tcfc.cr- We define an order relation < on O as follows: for ^1,^2 £ Gkik), we have o^^ < Og^ 
if and only if the Zariski closure of Og^ in Gk contains Og^ ■ This order defines a topology on O 
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as follows. A subset U of O is open if and only if for all gi,g2 € Gk{k) such that Og^ < Og^ and 
G U, we have o^^ G U. 

Lemma 5.1. (a) The association < Cg >i— )■ Og defines a bijection 6can : I^-O. 

(b) Conjecture 2.1 holds for the quadruple {Gk, Pk,Tk,a) if and only if the statements I.4 
(a) and (b) hold. 

Proof: We prove (a). As Formula (9) says gi — TG^,a{(hi,h2,h2),g), we have Og — Og^. 
Thus the fact that the map 6can is well defined follows from Lemma 4.5 (b). Let §2 G G{W{k)) 
be such that Og^ = Og. Each element (/I'j^, ^3) ^ Hk{k) is associated to an element /i' G L 
in the same way we associated (/ii, /i2, /is) to /i G L. Thus if {h'^., h^^ h'.^) is such that ^2 = 
^Gi,,a{{h'i,h'2,h'-^),g), then we have /i^2fi'2 = h'g(p{h'~^) for some G KeT{G{W{k)) G{k)). 
Thus < >=< Cg >, cf. Lemma 4.5 (b). Thus the map 6can is injective. As this map is 
obviously surjective, part (a) holds. Part (b) follows from (a) and Lemma 4.5 (d) and (e). □ 

5.1.1. Some group schemes 

Let be the Frobenius endomorphism of a commutative /c-algebra R. Let Aut^ be the 
subgroup scheme of Gk of inner automorphisms of Gg. Thus Aut g{R) is the subgroup of Gk{R) 
formed by elements Jir G Gk{R) that commute with the pulls back of gcj) and '&g~^ to R. For 
instance, in the case of g^ by this commutation we mean that we have an identity (gcf) ^ Ifi) o 
i^hihR)) = hRO {g4) ® 1r) : M R ^ M <Sik R oi i?-linear maps. Here we identify M ®kaR = 
M<S>kak<S>kR = M®A;-R®fl$fl-R. As the mentioned commutations can be described by polynomial 
equations, we get that Autg is indeed a subgroup scheme of Gk- 

Let §g ^ Hk be the stabilizer subgroup scheme of ^ G G{k) under TG^,a- Let Aut^'^'^ and 
S^^'^ be the reduced subgroup schemes of Aut^ and §g. Let Aut 5''®'^ and §?^ed ^j^g identity 
components of Aut^®*^ and S^'^'^. 

Lemma 5.2. (a) Ifh— {hi,h2-,h^) G ^^^"^{k) is such that hi and h2 are identity elements, then 
h is the identity element. 

(b) The group scheme Autg D Lk is finite. 

Proof: As hi and h2 are identity elements, we have g — TG^.,a(h,g) = gaiji^^). Thus 
a(h'^^) is the identity element 1^ and therefore h^^ is the identity element 1^ of N{k). Thus (a) 
holds. 

It suffices to prove (b) under the extra assumption that G = GLm- Not to introduce 
extra notations (by always replacing g G G{W{k)) with some gg G G{W{k))), to prove (b) 
we can also assume that a normalizes both and F^. This implies that <7{N) — N. Let 
h2 G (Autg n Lk){k). Let h2 G L{W{k)) be a lift of h2. If gi := h2g4>{h2^), then Cg, = Gg. 
Thus := g~^gi G a{N){k) = N{k) (cf. Lemma 4.5 (a); referring to (9) with hi = Ij^, we have 
= a(h3)). As /is = g~^h2g<j{h2^), we have 

(10) g-^h2g = h^a{h2). 

Let/o := {!,••• , 4^ U {cZ+ 1, . . . ,r}2. We write h2 = '^m + Y.{i^,i^)&io^iiM^iiM with Xi^^i^ G /e, 
cf. Subsection 4.1 for notations. Let X be the column vector formed by Xi^^i^''s listed is some 
order. Let X^^l be the column vector obtained from X by raising each entry to power p. 

Every element of GLM{k) can be uniquely written in the form fM+Y^is,ue{i,... ,r} VisM^i^hM) 
with ^13,14 G k. Next for (21,^2) G /q we will identify the coefficients of (7{ei^^i^ys in Formula (10). 

As /is G a{N){k) = N{k) and as we have a short exact sequence 1 — >■ A?" — > NL — >■ L — >■ 1, 
the coefficient of cr(ej^^j2) for the right hand side of (10) is 1 + if ii = 12 and is x'^^ if 
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ii 7^ 12- If H = ^2 (resp. ii ^ 12), then the coefficient of a{ei-^^i^) for the left hand side of (10) is 1 
plus a /c-linear combination of the Xj'^ ^^'s with (i'lji^ ^ -^0 (resp. is such a /c-linear combination). 
Thus there exists a square matrix A with coefficients in k such that we have AX = X^K The 
system AX = X^^ defines a p"^ +ir-d) dimensional A;-algebra and thus has a finite number of 
solutions. Thus (Autg fl Lk){k) is finite. Therefore the group scheme Aut^ fl is finite. □ 

For q; e $Ar let Va,a be the vector group scheme defined by Qa, thus Va,a{W{k)) — Qa- The 
next two Propositions show that for each element w e Wq, ^'g^'^ cind Og^ are "controlled" by 
and (respectively). 

Proposition 5.3. Let w E Wc- Let a E ■ Then there exists a curve o/S?^*^*^ which passes 
through the identity element and whose tangent space at this element is Qa- 

Proof: Let yo E Qa- For i e {0, . . . , 1 + Wa} let 

Xi := igw(f>y{pyo)- 

We have xq — pyo. As i/q — 0? fo^ ^ ^ {0? • • ■ ? 1 + ''^a} we have x"^ = 0. Thus (1m + Xi){lM — 
Xi) = 1m- As ct G we have xi,... ^x^^-i E Lie(L) and x^^ E 07r^«(a) ^ Lie(t/'). Also 

Xwc+i = {gw(l^){xwj e pLie(G); thus x^^+i = 0. Let ho := ifi^yj^i^M + Xi) be the product 
obtained using a decreasing order. 

We have h^^ = n^o(lA^+^0~^ = Il7=oi'^M -Xi). Thus we can write hogw(f>{hQ^) = gig^, 
where gi := ifi^w^^i'^M + Xi) 111=1^" (1m - Xi) E G(W(k)). As ^0 = Xy,^+i = 0, we have 

1 Wc 

^1 = ( n + ^i))(lM + ^o)(n(lM - Xi)){lM - Xwc+l) = 1m- 

i=Wa i=l 

Let hi := 1m + x^^ E t/(W(A;)), /i2 := n'=^„-i(lM + x,) E L{W{k)), and hs := /i2(lA^ + 
2/0)^2 ^ ^ A^(VF(/c)). We have ho — /ii/i2(1m + xq). Thus /iofi'™0(^o ^) mod p is on one hand gyj 
(as ^1 = 1^) and on the other hand it is /ii^2^wc((lM + yo)~^)o"(^2 ^) ~ ^i^2^«)C(^2^^)c(/i3 ^) = 
'^Gk,cr{{hi,h2,hs).,gw)- Thus (hi,h2,hs) E S^^(A;). Therefore the A;-morphism 

that maps yo E I4 a/j(^) fo the element (defined using decreasing order products) 
(11) 

11 1 

{hiMM) ^ O^M+X^c^ n (lM+^i):( n (lM+^i))(lM+J'o)( n (lM+^z))"^)G^fe(^), 

factors through S^*^^ and thus (as Va^a^ connected) through S^^'^'^. If yo is multiplied by 7 G 
Grn{k), then gets multiplied by 7^'. Thus Im(cQ,) is a curve of S?^*^*^ whose tangent space at 

1m is 0a- □ 

Proposition 5.4. Let w G VFg. Then dim(og ) > dim(Gfc) — Eiiw) (see Subsubsection 4- 1-1 for 
§(«;);. 

Proof: Let a E Let a :— 7r^°'{a). Let yo E Qa- Let xo,xi,... ,Xyj^ be obtained 

from yo as in the proof of Proposition 5.3. As a G we have xi,. . . ,Xwc-i £ Lie(L) and 

Xwc ^ Qa Q Lie(A/"). Let Vg^ : Pk — >■ Og^g~^ be the A;-morphism that takes hih2 E U{k)L{k) = 
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P{k) = Pk{k) to hih29w'^ih2^)9w^ • The tangent map of Vg^ at the identity element has image 
Lie(Pfe). Thus Im(rg^) has dimension dim(Pfe) and its tangent space at the identity element is 
Lie(Pfe). The following identity 

IUq,— 1 Wct—1 

( (1m + Xi)){lM + XwJ{gyj(p){ Yl (1m + Xi))~'^ = (1m + xo)g^(t) = (1m +pyo)gw(p 

1=0 1=0 

implies < Q{ij^+x^jg^ >=< Gg^ >e I- From this and Lemma 5.1 (a) we get {Im+Xw^Qw e Og^- 
Thus we can speak about the fc-morphism 

that takes Xy^^ G Va^a^ik) to Ij^^ + x^^. The image of the tangent map of Cq, at the identity 
element is g^. As Og^g~^ is smooth, its dimension is the dimension of its tangent space at the 
identity element. As this tangent space contains Lie(PA;) © ®ot^^-^ Qa and as = $jv \ 
has dim(A^fc) — elements, we have the following inequality dim(og^) > dim(Pfc) +dim(A^fc) — 
S{w) = dim(G'fc) - S{w). □ 

5.2. Basic Theorem A (long form) 

(a) There exists a natural finite epimorphism Ug : S^*^*^ -» Auf^'^ that induces an isomor- 
phism at the level of k-valued points. Thus the four groups §>^^^, Auf^^, S^i'ed^ ^jj^^i Aut'^'^'^'^ have 
the same dimension. 

(b) The group scheme S?'^*^'^ is unipotent and its Lie algebra is commutative. 

(c) For w e Wo we have dim(S5^^*^) = E>{w) and thus 

(12) dim(og^) = dim(iyfc) - ^{w) = dim{Gk) - ^w). 

(d) The group Aut'^'^'^'^ is unipotent and for w G Wq we have dim{Aufg^^) = S{w). 
Proof: Let h = {hi,h2, h) e Sf^ik). Let hi2 G P{W{k)) be a lift of hi2 := hih2 e P{k). 

Let g2 := hi2g(l){hi2) £ G{W{k)). As hih2gcr(h2^)cr(h^^) = g, from (9) we get that g2 = ga(hs). 
Thus Gg = 632, cf. Lemma 4.5 (a) and the relation hs G N{k). Thus hi2 G Aut^®'^(A;). Due to 
Formula (3), the rule 

h — {hi, h2, hs) hi2 — hih2 defines a homomorphism ag : S^^^ Aut^^*^. 

As Ker(ag)(A;) is trivial (cf. Lemma 5.2 (a)), Ker(ag) is a finite, fiat group scheme. Thus ag is 
finite. 

Next we work conversely. If hi2 = hih2 G Aut^*^'^(A;) ^ P{k) and if hi2 and g2 are 
as above, then Qg = Qg^ and thus hs := o'~^{g~^g2) G N{k) (cf. Lemma 4.5 (a)). As 
g — hih2g(j{h2^)o'{h^^), we have {hi,h2,hs) G S^*^'^(/c) and thus ag{k) maps {hi,h2,hs) to hi2. 
Thus the homomorphism ag{k) : §'^^'^{k) — > Aut^®'^(fc) is onto. Thus ag is an epimorphism. As 
ag{k) is also injective, it is an isomorphism. Thus (a) holds. 

As Tgj. is a restriction of the analogue action TgLj^;^,^ associated to the triple (M, n : 
Gm GLm), it suffices to prove (b) under the extra assumption G — GLm- Based on Corollary 
4.6, we can assume g is a, g^ element for some w G Wq- Thus for the rest of the proofs of (b) and 
(c) we will work with a g^ element and we will not assume anymore that G is GLm- We recall 
Ei{w) is the number of elements of 
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Wc have ©^g^+^.ga C Ue{S^£'^), cf. Proposition 5.3. Thus dimk{Ue{§f^'^)) > S{w). As 
the reduced group S^^'^'^ is smooth, we have dim(S5^'''^) = dimfe(Lie(S5^'''^)) > E>{w). As we have 

dimio-gj = dim{Hk) - dim(S^^^) = dim{Hk) - dim(SO-'^) = dim(Gfc) - dim(§o-<i), 

from Proposition 5.4 we get dim(S?;;^ed) < E>{w). Thus (12) holds. By reasons of dimensions we 
also get 

(13) Lie(C') = ©ae^r ^« - 

Thus the Lie subalgebra Lie(S?^®'^) of Endk{M) is abelian and all its elements have square 0. In 
particular, Lie(S5^^'^) contains no non-zero semisimple element of Endfc(M). Thus §>^^^'^ contains 
no non-trivial torus and therefore it is a unipotent group. Thus (b) and (c) hold. Part (d) is a 
direct consequence of (a), (b), and (c). □ 

Remark 5.5. If cu e then the tangent map of a^^ o Cq, at the identity element is trivial. 

From this and (13) we get that ag^ is the composite of the Frobenius endomorphism of with 
a finite homomorphism a'= : §1^^ — > Aut^:®*^ which at the level of A;-valued points induces an 
isomorphism. It is easy to see that a'^^ induces at the level of Lie algebras an isomorphism. The 
last two sentences imply that a'g^ is an isomorphism. 

Example 5.6. See Subsection 4.1 for B and i?°PP. As cr(i?) is a Borel subgroup scheme of G 
that contains T, there exists a unique element w G Wq such that gwa{B)g~^ — B. Thus gw4> 
normalizes Lie(i?)[^]. As g^cj) also normalizes Lie(T), we get that normalizes Lie(S°PP)[i] 
as well. Thus, as iV ^ ^^pp and as i?°PP fi C/ is the trivial group scheme, we conclude that the 
set is empty. Therefore §(w) = 0. This implies that dim(og^) = dim(Gfc), cf. (12). Thus 
Og^ is a dense, open subscheme of Gk- 

Example 5.7. Let w be as in Example 5.6. Let Go be a simple factor of G^'^ such that the image 
of n in it is non-trivial. Let io ^ be the smallest number such that the intersection cr*'^ {N) fl Go 
is non-trivial (this intersection makes sense as N is also a unipotent subgroup scheme of G^^). 
We assume that for each such simple factor Gq of G^, there exists tuoo e < W^ad = Wg 
such that gwooi'^gli-^) ^ ^o) = U n Gq. Let wq G Wq be the product of all these woo elements. 
Let wi := wqw G Wg- We have o"*'^^ (A'") n Gq = U H Go- Due to the minimal property of io, we 
have CT*!^ (A^) fl Go ^ for ii G {1, . . . ,io — 1}. From the last two sentences we get ^^^^ = ^n- 
Thus §(«;i) = dim{Nk). From (12) we get 

dim(og^J = dim(Gfe) - dim(A^fc) = dim(Pfe). 

One can check that the Weyl elements t^oo exist if all non-trivial simple factors of (Lie(G), 0) 
are of G^, or type (see [2, plates II to IV, element wq of item (VIII)]). 

Remark 5.8. Let o'g^ be the integral, locally closed subscheme of Gk whose /c-valued points are 
of the form 

hih2h~'^gwcr{h2^), where hi G Uk{k), h2 G Lk{k), and /i""' G Ar-^(/c); 

here N~'^ := riae^""™ *^a,7r^"(a) ^ ^- The proof of Proposition 5.4 can be easily adapted to 
get that o'g^ is a subscheme of Og^ which has dimension dim(G/c) — Ei{w). Thus o'g^ is an open 
subscheme of Og^, cf. (12). 
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§6. On the number and the dimensions of orbits: a classical approach 

Subsection 6.1 reviews the classical analogue Tq^ of TGj.,cr- Theorem 6.1 presents two results 
on the number of orbits of '^Gk,o- and of their dimensions. The Section ends with an example 
and three remarks. We use the notations of Subsections 4.1 and 5.1. In particular, we have 

T ^ B ^ P <:G. 

6.1. The classical context 

For the Bruhat decompositions to be recalled here in the context of G^, we refer to Subsec- 
tion 2.1, [1, Ch. IV, Sect. 14], and to their axiomatized and abstract generalization formalized 
in [2, Ch. IV, Sect. 2]. Let be the unipotent radical of B; it contains the unipotent radical 
U of P. Let := {a e ^\ga Q Lie(C/^)}. Let H^^ := Pk Xk . Next we recaU properties of 
the classical action 

'^Gfe • H'k Gk ^ Gk 

defined by the rule: if hi2 G Pk{k) and e U^{k), then T^^((/ii2, hz),g) hi2gh^^. 

(i) The orbits of are parameterized by elements of Wp\Wg (cf. [2, Ch. IV, Sect. 
2, Subsect. 6, Rm. of p. 22] or [6, Vol. Ill, Exp. XXVI, Subsubsect. 4.5.5]). Let w G Wo- 
Let U^'^'^ := fl g^^Pkdw and JJ^'^'^ := D g^^NkQw These two group schemes are 
normalized by T^, are directly span by the Ga^a^'s with a e S{wY^ := ^jjb n w~^(^pw and with 
a e ^ijB n w~^^nw (respectively), and their product A;-morphism JJ^'^'^ U^'^'^ — >■ Uj^ is 
an isomorphism (cf. [1, Ch. IV, Prop. 14.4 (2)]). In particular, the groups JJ^'^'^ and JJ^'^'^ 
are smooth and connected. The orbit of under T^^ is the affine variety 

(14) PkQwU^ = Pki9v.U^9-')9v. = {Pk9wU^''"'''9-')9v.. 

(ii) The smooth group gwU^'^'^g~^ is the stabilizer subgroup of g^ under Tq^. The 
classical analogue S'^' : W^g N U {0} of the function § : Wg N U {0}, is defined by: 

'B)'^\w) :— di'ni{gwU^ g~^) — the number of elements of the set S{wy^. 

(iii) We have §'^'(t(;) = dim(t/^) if and only if [to] G Wp\Wg is the class of the identity 
element of Wq- Also, we have S'^^('U)) = dim([/^) if and only if the orbit of g^ under T^^ has 
dimension equal to (equivalently at most equal to) dim{H^^) — dim([/^) = dim(Pfc). 

(iv) Let Wo G Wg be such that S'^pp = 9woB9wl ^ Q- Let 

du := dim(C/f ) - dim(iVfc) = dim(t/^) - dim(t/fc). 

We have "^^^iw) > du- The equality holds if and only if A^^ ^ 9wU^g~^ and thus if and only if the 
intersection Qk n gwBkg~^ is a Borel subgroup of Gk (cf. [1, Ch. IV, Prop. 14.22 (i)]) and thus 
if and only if g^Bkg^^ ^ Qk- Therefore we have S°^(t(;) = du if and only if [w] = [wq] G Wp\Wg- 

(v) Let of,-- - , oj^^Q^^^] be the orbits of T^^. For z G {1, . . . , [Wg : Wp]} let df be the 

dimension of the stabilizer subgroup of any A;-valued point of of under T^^ . 

Theorem 6.1. (a) Suppose Tgj.,^ has a finite number of orbits oi, . . . , Og. For i G {1, . . . , s} 
we fix a point gi G oiik); let di := dim(SgJ. Then s = [Wq '- Wp] and up to a reindexing of the 
orbits oi, - - - ,Os, we have 

(15) di = df-du Vz G {1,... 
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Equality (15) is equivalent to the fact that for all i E {1, . . . , s} we have dim(oi) = dim(of ). 

(b) Suppose there exist distinct orbits oi,... ,0[Wg-Wp] of Tq^.o such that for each i e 
{1, . . . , [Wg '■ Wp]} we have di — df — du- Then Tg^^o- has precisely \Wg '■ Wp] orbits. 

Proof: We prove (a). We recall that the pair (G, T) has a natural Z^-structure (Gzp, Txp)i 
cf. Subsubsection 4.2.1. Let go ^ N be such that the torus 2V(Fpqo) split. The cocharacter : 
T is definable over Spec(iy(Fp<jo )). Thus P, U, Q, and N are definable over Spec(l^(Fp9o ))• 
As T\Y(^^gQ) is split and as B contains T, B is also definable over Spec(VF(Fp<;o)). Thus both 
groups H^^ and Hk are definable over Fp<;o. This implies that the two actions T^^ and TGk,(r are 
definable over Fp9o ; the resulting two actions over the algebraic closure F of Fp<;o in k will have 
also [Wg ■ Wp] and s (respectively) number of orbits. 

Thus there exists q G qoN such that T^^ and T^Gk,(T and all their orbits of, . . . , oj^^^.^^^p 
oi,. . . ,Og, are defined over ¥pq. By enlarging q we can assume that gi, ■ ■ ■ ,gs are also defined 
over Fp«. Let i^F^,, Sg.F^,, S^^f^^' ^^S''' natural Fp<, -structures of Hk, S^^, §>lf, 

S?^®*^, and Oi (respectively). 

Let qi e qN. We have a finite epimorphism i?Fpq/S|jp9 '^i^pi ^^^^ radicial (i.e., 
universal injective on geometric points). Thus the map {Hw^g /§)^g^^^g){¥pqi) — > OjFp<, (Fp^i ) is a 
bijection. As S°^Fpq ^ unipotent group (cf. (b) of Subsection 5.2), from Lemma 2.5 we get 
that Oi¥^g{¥pqi) has the same number of elements ei{c[i) as (-f^Fp^ /S^^F^g ) (-'^p^i ) ^^^^ Lang 
theorem) as the quotient set i^F^g (Fp<ji )/S^^p^^ (Fp^i ). 

Let g{qi), h{qi), and h^^{qi) be the orders of the groups G-^^q{¥pqi), H-^^g{¥pqi), and 
^¥pq (^^p'l) (respectively). As the unipotent group S^^lp? '^^s ^ normal series whose factors are Ga 
groups (cf [6, Vol. II, Exp. XVII, Cor. 4.1.3]), the scheme S^^Fp? spectrum of a polynomial 

Fp9-algebra in di variables; thus the order of S^^Fpg (^^p'^O is pi^'^\ Therefore ej(gi) = /i(gi)p~^i'^*. 
As GiFp9 (Fp9i ) is a disjoint union Uf^^Oiw^g (Fp^i ), we get 

s 

(16) g{qi)^h{qi)Y,P~'''''- 

1=1 

The group Hk (resp. H^^) is the extension of Lk by Uk Nk (resp. by [/^ U^), cf. 
(4) (resp. cf Subsection 6.1). As and Nk are unipotent groups and as we have dim(C/^) = 
dim(A^fc) + du, a simple computation shows that h^^{qi) — p'^i^"/i(gi). Working with T^^ instead 
of we get the classical analogue of (16) 

[Wa-.Wp] 

(17) g{qi) ^ h'^'iqi) Yl P''"'^- 

i=l 

As h'^^{qi) = p^i'^"/i(gi), from (16) and (17) we get that 

[Wa-.Wp] s 

(18) P'^''^'^g{qi)/h''\qi)= Yl p'^^^'^^''^'^^^ ^^P'^^^'^^''^'''^"^ ' 

i=i i=i 

where dm := max{d^ -\- di,df\l <i < s,l < j < [Wg : Wp]}. We take qi > max{s, [Wg : Wp]}. 
For a e N, p'^^°' is greater than each sum of gi — 1 terms of the form p'^'' with 6 e {0, . . . , a — 1}. 



26 



From this and (18), we get that s = [Wq '■ Wp] and that (15) holds after a reindexing of the 
orbits oi, . . . , Og. We compute 

dim(oi) = dim(Gfe) -di = dim(Pfc) + dim(iVfc) + du - df = dim(Pfc) + dim(t/f ) - df = 

dim{H^')-df = dim{of). 

Thus (a) holds. We prove (b). Our hypotheses imply that by taking s = [Wq '■ Wp], the 
right hand sides of (16) and (17) are equal. Thus identity (16) holds. Therefore for each qi e qN 
wc have a disjoint union q {^pn ) = Lj[^°'^^'otF q (^pn )• This implies that TGk,a has precisely 
[Wg : Wp] orbits. p p - ^ 

Corollary 6.2. If the statement I.4 (a) holds, then statement I.4 (b) also holds. 

Proof: We have I = {< Qg^ > \w ^ Wg}, cf. Lemma 4.5 (d). Thus the set I is finite. 
Therefore the set O is also finite, cf. Lemma 5.1 (a). Thus O has \Wg '■ Wp] elements, cf. Theorem 
6.1 (a). Therefore I also has \Wg '■ Wp] elements, cf. Lemma 5.1 (a). Thus the statement 1.4 (b) 
holds, cf. Lemma 4.5 (e). □ 

Example 6.3. Let n G M. Let G be such that G^'^ is absolutely simple of Bn Lie type. Thus 
is the 5'O-group of the quadratic form Xq + xiXi^^n + X2X2+n + ■ ■ ■ + XnX2n on 2^"+^ (if p — 2, 
then is semisimple cf. [1, Ch. V, Subsect. 23.6]). Let {605 • • • 5^2n} be the standard Z^-basis 
for Zp"'+-'^. To ease notations we will assume that: (i) T^^ is split, (ii) the image T^^ of T^^ in 
G^ normalizes each Zp6i with i e {1, . . . , 2n} and fixes Zp6o, and (iii) the cocharacter of 
defined by ji fixes {hi\2 < i < 2n, i 7^ n + 1}, acts as the inverse of the identical character of Gm 
on Zp6n+i, and acts as the identical character of Gm on Zpbi. For w G Wg we denote also by w 
the permutation of {1, . . . , 2n} such that Qwipi) G VF(/c)6^(j). The resulting map Wq is a 

monomorphism that identifies Wg with the subgroup of the symmetric group 5*2^1 of {1, . . . , 2n} 
which permutes the subsets {1, n + 1}, {2, n + 2}, . . . , {n, 2n} (see [2, plate II]). Thus Wg has 
order 2"^n!. Moreover Wp is the subgroup of Wg that fixes 1 and n + 1 and thus its order is 
2"-i(?i - 1)!. Thus [Wg : Wp] = 2n. 

Let {bi-^^i^lO < 11,12 < 2n} be the standard Zp-basis for Endzp(Zp""'"-^). It is known (cf. [18, 
Ch. VI, Sect.' 25, Type B of p. 358]) that Lie(7V) and Lie(C/) are iy(A;)-generated by 

{bi,i - bn+i,n+i-> bi,n+i " &i,n+i|2 < i < n} \J {6o,n+i " 2fei,o} and 

{bn+l,i — ^i+n,l5 ^n+l,n+i " ^'i,l|2 < i < n} U {60, 1 " 26n+l,o} 

(respectively) and thus have ranks 2n— 1. To each non-zero element bi^^j^ ~lbi2,n (with r] G {1, 2}) 
we associate the pair (zi, ji) and its attached quadruple (^l, Jl,^2, ^2)- Accordingly we define 

:= {(l,i),(l,n+i)|2 < i < n}U{(0,n+l)} and lu := {(n+1, i), (n+1, n+i)|2 < i < n}U{(0,l)}. 

For w G Wgi §(w) is the number of elements of the subset S{'w) of In formed by pairs (a, b) G In 
whose attached quadruples (a, b, c, d) have the property that the smallest number Z G N for which 
the intersection 

{{w\a),w\b)), {w\c), w'{d))} n {In U %) 
is non-empty, is such that {{w'' (a) , w'' (b)) , (w^c), w''{d))} CMu j^^- 
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For (j, e) G {1, . . . , n} X { — 1, 1}, let Wj^g G Wq C S2n be such that: it fixes j + 1, . . . , n, 
n + J + 1, . . . , 2n, maps s to s + 1 if 1 < s < j — 1, and (j, n + j) to (1, n + 1) (resp. (n + 1, 1)) if 
£ = 1 (resp. £ = —1). We have 

S{wj^i) = {(l,n+z)|2 <i<j} and S{wj-i) = {{l,i)\2 < i < n}U{(l, n+z)|2 < i < j}u{(0, n+1)}. 

Thus =3-1 and §(t«j -i) = (n - 1) + (j - 1) + 1 = n + j - 1. 

The reduced stabihzer subgroup of a point of Og^, ^ under TG^,a has dimension Eiiwj^e) (cf. 
(12)); this dimension ^{wj^e) determines uniquely Wj^s- Thus the orbits o^^.^'s are distinct and 
we can index them oi , . . . , 02n in such a way that for z G {!,... , 2n} we have di = i — As $ has 
positive roots (cf. [2, plate II]), we have du = — (2n — 1) = (n — 1)^ and dim(Gfc) = 2n^ + n. 
It is well known that we can assume that for i G {1, . . . , 2n} we have df = d^ + di = (n — l)^+i — 1 
(i.e., dim(Gfc) — dim{of) = i — 1 and thus that dim{of) = dim(oi) = 2n^ + n — i + 1; this is 
implicitly reproved in this paper once Basic Theorem C is proved, cf. Theorem 6.1 (a)). Thus 
oi, • • • , 02n are the only orbits of TG^,a, cf. Theorem 6.1 (b). 

Remark 6.4. (a) See Remark 5.8 for o'g^. For wi, W2 ^ Wq, we have Og^_^ < Og^^ if and only 
if the Zariski closure of 0'== in Gk contains 0'= . Even more, it seems to us that the counting 
arguments of the proof of Theorem 6.1 can be adapted to show that the following presumed 
analogue o'g^ = Og^ of (14) holds. 

(b) We assume that: (i) O = {og^\w G Wq} and (ii) the association w h-)- o^^, defines a 
surjective map Wg ~^ O whose pulls back of elements of O, have a number of elements equal 
to the order of Wp (in Corollary 11.1 (b) and Lemma 9.4 we check that these two assumptions 
always hold). Then Formula (15) says: there exists a natural bijection ttg '■ Wg-^Wg such that 
the difference of functions S*^^ o ttq — § is the constant function du on Wg- From this we get 
that S{w) = dim(A^yt) — 1{[7Tg{w)])- Here l{[w]) := mm{l{w)\w G [w]}, where l{w) is the length 
of w G Wg (with respect to the bases of $ associated to B) as defined in the theory of Coxeter 
groups (see [2, Ch. IV, Sect. 1]); we have E>''\w) = dim([/f ) -li[w]). 

(c) Suppose T^Gk,a has a finite number of orbits. From the property 6.1 (iii) and Theorem 
6.1 (a) we get that TGk,a- has a unique orbit of dimension dim(Pfc) (equivalently of dimension at 
most dim(Pfe)). 

§7. Zero spaces 

In Subsection 7.1 we define the zero space of C^; examples and elementary properties of them 
are listed until Theorem 7.5. Theorem 7.5 lists formulas that pertains to the zero spaces of Cg^'s. 
Theorems 7.6 and 7.8 present two results on the existence of connected, smooth subgroups of Gk 
whose Lie algebras arc related to zero spaces of Cg^'s. We will use the notations of Subsections 
4.1, 4.1.1, (beginning of) 4.2, and 4.2.1. 

7.1. Basic constructions 

Let g G G{W{k)). Though and P depend on n : Grn G, the direct summand F^/pF^ 
of M is equal to {g(p)~^{pM)/pM and therefore both it and Pk are uniquely determined by (p. 
Thus the following Lie subalgebra Lie(P) + pLie{G) of Lie(G) does not depend on either or g. 
We consider the cr-linear Lie monomorphism 

Lg : Lie(P) + pUe(G) ^ Ue(G) 
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that maps x e Lie(P) + pLie{G) to {g(f)){x) = go(f)oxo(f) ^ o g ^ ^ Lie(G). Let 

Ig : Lie(P) + pLie(G') ^ Ue(G) 
be the natural inclusion. Let Lg and Iq be the reductions mod p of Lg and Iq- Let 

l-g := {x G (Lie(P) +pLie(G))/p(Lie(P) +pLie(G))|Lg(a:) = Ig{x)} 

and 

3g := Im(3g Ue{Gk)) Q Lie(Pfc)- 

Let rog be the A;-span of 3g inside Lie(Pfc). Let t)^ be the maximal A;-linear subspace of 3^. We 
have inclusions 

t)^ C CLie(Pfc). 

Lemma 7.1. (a) When g is replaced by hg(j){h~^) with /?. e L, 3^ is replaced by its inner conjugate 
under h. 

(b) If gi e G{W{k)) is such that Gg = Qg^, then ig =3gi. 

(c) The group Autg{k) normalizes 3^ (and thus also XOg and t)5j. 

Proof: Part (a) is obvious as Lf^g^(^f^-i^ — hLgh~^. We check (b). The subset 3^ of Lic(Pfc) 
depends only on g as Lg does. Up to a multiplication of gi by an element in KcT{G{W{k)) — )■ 
G{k)), we can assume gi is hg4){h~^), where h Eh is such that h — 1^ (cf. proof of Lemma 4.5 
(b)). Thus 3g = h{],g) — 3gi, cf. (a) for the last identity. Part (c) follows from (a) and (b). □ 

The definition of lg and Lemma 7.1 (b) explain the following definition. 

Definition 7.2. We call 3^, Wg, and r)5 the zero space, the spanned zero space, and the linear 
zero space (respectively) of Gg. 

Lemma 7.3. (a) The subset ^g of Lie{Pk) is an¥p-Lie subalgebra. 

(b) The subsets t)^ and tVg of Lie{Pk) are Lie subalgebras. 

(c) The natural map lg ^ lg is a bijection. 

(d) The setig is the image in Lie{Pk) of the set {x e Lie{P)\3y e Lie{N) withg(f){x+py) — 
X e pLie{G)}. 

Proof: As Lg and Ig are Lie homomorphisms, part (a) follows. Part (b) follows from (a). 
To prove (c) it suffices to show that there exists no y E lg\ {0} such that Iciv) — 0- Each such y 
is a non-zero element of the image of pLie{N) in (Lie(P) + pLie(G))/p(Lie(P) +pLie(G')). Thus 
Lg{y) — g{(j)[y)) e Lie(Gfc) \ {0} and therefore /g(j/) = ^ L,g{y). Thus y ^ ig and therefore 
such an element y does not exist. Thus (c) holds. 

Part (d) is only a translation of the definition of ig in terms of elements of Lie(G). □ 

Example 7.4. Suppose {r,d) = (2,1), G = GLm, 0(ei) = pei, and ^(62) = 62. Then 
{61,1,62,2} is an Fp-basis for 31^^. Let w G WqLm be the non-identity element. We can 
assume gw permutes ei and 62- Then gw(^ permutes ei,i and 62,2 and maps ei,2 to pe2,i- 
If 7 G W{k), then 5f^i,(/)(pcr"^ (7)62,1 + 761,2) - 761,2 G pLie(G). Thus /cei,2 C 3^^. Also 

2 

Hy. ■= {761,1 + (J{l)e2,2\l e k,^P = 7}^C 3g^. It is easy to see that ig^ = © /cei,2. 
Thus tt)g^ = Lie(Pfc) and t)?^ = Ue{Uk) = /cei,2. 

Theorem 7.5 Let w G Wg be fixed. We use the notations of Subsubsection 4- LI. We consider 
the direct sum Vig^ := ®oeO{w)+ilg.w ^ 0o)- Then the following eight properties hold: 
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(a) We have = Lie{T§-) ® ®^^o{n,) ^ So- 

(b) Suppose o e 0{w)^. Then n 0o = floZp, where QoZp ■= {x e QolOwH^) = x} is a 
Zp-structure of Qo and where QoZp QoZp/pQoZp ■ Thus Ig^^^o is an ¥p-vector space of dimension 

(c) If o ^ (0(tt;)+ U 0{w)'^), then flgo = 0. Also the restriction to X}g^ of the projection 
of Lie{Gk) on ©^.e^+^-STr™" (a) along Lie{Tk) ® 0ae4>\{<"(a)|a€<f+"'} 0« " bijection and thus 
t)g^ has a natural structure of a k-vector space of dimension E>{w) but which in general does not 
define a k-vector subspace of Lie{Gk)- 

(d) Ifoe 0{w)+, then tVg^ ngo = ®/3e50/3- Thus dimfc(Wg^ DQo) = Eaeo+ '^a- 

(e) We have ig^ = ® t)g^, where /£ := Lie{T^^) ® ^^eoiw^ ^oZp- Therefore we have 
identities tOg^ = {/£ (8)f, k) ® ®oeO{w)+, peodP = Lie{Tk) ® ®oeO{w)o So © ®oeO{w)+, /3eoS/3- 

(f) We have l)?^ = ©«e$+», ^^=i0^„(a) = Lie{Uk) f^^-g^. 

(g) We have = Lie{Lk) H^g^,. 

(h) We have Wg^ Lie{Uk) = ®ae^+^^n^"ioc)- 

Proof: For z e Ue{G) we write z = Zt + Y.oeo(w) Zo = zt + Y.a€<P where Zt G Lie(T), 
Zo G Qoi and G Qa- Let x G ig^. Let x G Lie(P) lifting s and y G Lic(A^) be such that 
gw4>{x + py) — X E pLie(G), cf. Lemma 7.3 (d). As the decomposition Lie{GB{k)) — Lie(rB(fe)) © 
®oeO{w) normalized by gyj(j), we get 

9w4'{xt +pyt) - xt e pLie(T) and gw^Xo + PVo) - Xo e pQo Vo G 0{w). 

From Lemma 7.3 (d) and the fact that yt = 0, we get that Xt G Lie(Tp"') and Xo G ^g^ fl Qo- 
Thus yg^ C Lie(Tf ) © ©„eO(«,) ig^ ^ So- As Lie(T|;) is fixed by ^^0, contains Lie(TF^;). 
Therefore (a) holds. 

If o G 0(t(;)°, then j/o = and thus the relation gw(t>{xo) — Xq & PQo is equivalent to the 
relation Xo G QoZp/pQoZp- Therefore (b) holds. 

Let o ^ 0{w)^. We list o = . . . where 7r™(aO = a'+^ withal°l+J' := . Ifo+ ^ 

we assume a'"' G ■ As gw4'{xo + PUo) — Xo E pgo, we have gw4'{xai + pya^) — x^i+i G p0Qi+i 
for alH G {1, . . . , |o|}. But 5'«;</'(0a) = P'^^"''07r^(Q;) (see Subsubsection 4.2.2). As y G Lie(A^) and 
X G Lie(P), we have = if a* ^ and Xa,i = if a* G ^at- From the last three sentences 
we easily get that: 

(i) if a* ^ 5, then x^i G p0Qi; 

(ii) if CK* G o is of the form 7r4(Q:*°) with G and j G {1, . . . ,t(;Q,io}, then x^i can be 
any element of Qq,* and it is uniquely determined by y^i^ in a u-'-linear way. 

Thus (c) follows from properties (i) and (ii). 

We check (d). We have XOg^ n go ^ ^peoQp, cf. properties (i) and (ii). Referring to 
(ii), if we multiply y^i^ by 7 G Grnik), then for each j G {1, . . . ,w^h^} the clement x^i^■,+j gets 
multiplied by Let 71, ... ,71,; be elements of k such that their p-th powers are linearly 
independent over Fp. The Moore determinant of the w^i^ x w^iQ matrix whose rows indexed 
by s G {!,... ,WQ,io} are (7!*, . . . , 7f " ) is invertible, cf. [10, Def. 1.3.2 and Lemma 1.3.3]. 
Thus if for s G {1, . . . ,w^io} we consider an element Xs G 3^^ fl §0 such that its component in 
0Q,io+i is 71* times a fixed generator of 0q;*o+i and its component in Q^j is if j mod \o\ does 
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not belong to {zq + 1, . . . , + ^q^o } niod |o|, then the /c-span of Xi, . . . , is on one hand 

®j=i Qa^o+o (cf. the mentioned invertibihty) and on the other hand it is included in tOg^. As 
ffi^6o0/3 is a direct sum of /c-vector spaces of the form ©J=i" 0q;*o+j , we have (Bpeodi3 ^ ^do- 
Thus Wg^ n 0o = ©/3€50/3 i-e., (d) holds. 

Parts (e) to (h) are left as an easy exercise to the reader. □ 

Theorem 7.6. Let w e Wg- There exists a unique connected, smooth subgroup Xg^ of Gk 

F 

whose Lie algebra is y^^ := p^^ k and which contains a maximal torus of Gk- The group Xg^ 
has a natural ¥ ^-structure X?^ such that LieiX^^) — r^^ and Ti'^ is a maximal torus of X^^ . 

F 

Moreover, the group Xg^ is reductive. 

Proof: For i E Z let U := Lie(Tfc) © 0q,£$^ 07rj^(a)- Thus U is the Lie algebra of the 
centralizer of ag^{pk) in Gk- But j:^^ = Cli^zU- Therefore is the Lie algebra of the centralizer 
Xg^ in Gk of the subtorus T^^"" of Tk generated by the images of (T*^(/Ufc)'s, where i e Z. The 
group Xg^ is reductive (cf. Proposition 3.3 (a)) and we have Tk < The torus T^^'" is 

normalized by ag^ and thus it is the pull back to Spec(/c) of a subtorus Tp^'" of T^^ . Let X^^ he 
the centralizer of T^^'^ in ; it is an Fp-structure of Xg^ and thus it is reductive. 

We define an isogeny decomposition of Xg^. Let A'/^ and A'j^ be reductive subgroups of 
Gk which are normal and for which the following two properties hold: (i) A'f^ is the subgroup of 
Gk generated by cocharacters of Gk that are cocharacters of GLj^ of weights {—1,0}, and (ii) 
we have a natural central isogeny A'j^ Xk A'l Gk- As T^^"' ^ A^, we have A'^ <1 Xg^. Let 
Yg^ := Xg^ nA'f^. As Tk ^ Xg^ , the inverse image X'g^ of Xg^ through the isogeny A'^ XkA'^ Gk 
contains a maximal torus of A'^. As Ker(A'^ ^k ~^ ^k) is contained in each maximal 

torus of X/j A'l, we get that X'^^ is generated by a smooth, connected group and by a maximal 
torus of A'f^ Xfc A'l. and therefore it is smooth and connected. As A'^' < Xg^, X'^^ is isogenous to 
Xg^ and is equal to Yg^ Xk A'^. Thus Yg^ is a connected, smooth group that contains a maximal 
torus of A'j^. 

Let Xg^ be a connected, smooth subgroup of Gk that contains a maximal torus of Gk and 
we have Lie{Xg^) = Lie{Xg^). As above, the inverse image of Xg^ in Xfc A'^ is a smooth, 
connected group that contains a maximal torus 5'^ XkS'k of A'j^ Xk-^'ki here S'j^ ^ A'j^ and S'^ ^ A'^. 
We check that Xg^ = Xg^ i.e., Xg^ is unique. 

Let 5"^ be the subtorus of 5"^ generated by cocharacters of 5'^ that are cocharacters of GLj^ 
of weights { — 1,0}. We claim that = 5"^. As 5"^ is a normal subgroup of the normalizer of S^. 
in A'f^ (i.e., it is normalized by the Weyl group of A^), to prove this claim it suffices to show that 
S'l^ has a non-trivial image in each simple factor of ^^^"^ and surjects onto A'jf^. But these two 
properties follow from the definition of A'j^. 

As Lie(S'^) C Lie(A'^) nLie(X?^) = Lie(A'^) nLie(Xg„) = Lie(Fg„), the torus S'^ centralizes 
a maximal torus of Yg^ (cf. Proposition 2.4 (b) applied with 9 = based on the previous 
paragraph). Thus 5"^ is this maximal torus of Yg^. Therefore Ini(5'^ Xk S'^ Gk) is a maximal 
torus of both Xg^ and Xg^. Thus we have Xg^ = Xg^, cf. Proposition 3.3 (c). □ 

Remark 7.7. One checks that Lie(5'^) is a Cartan Lie subalgebra of Lie(A'^) in the sense of [6, 
Vol. II, Exp. XIII, Sect. 4]. Thus the uniqueness of Yg^ (and thus of Xg^) also follows from 
[6, Vol. II, Exp. XIII, Cor. 5.3]. This approach to prove the uniqueness part of Theorem 7.6, is 
more suited in connection to Subsection 1.8. 

Theorem 7.8 Let w e Wq- With the notations of Sub sub sections and 7.1 we have: 
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(a) Let $^ := {a G $|a G 0{w)^ U [joeO{w)+o}; thus VOg^ = Lie(Tu) ® 0^,^$^ 5a ("c/. 
Theorem 7.5 (e)). Then is a closed subset of^. 

(b) There exists a unique connected, smooth subgroup Wg^ of Gk whose Lie algebra is VOg^ 
and which contains a maximal torus of Gk ■ We have Tk ^ Xg^ ^ ^ Pk ■ 

(c) The group Aufg^^ normalizes Wg^. 

Proof: Let Pi,P2 G be such that Ps '■— Pi + P2 ^ To prove (a) we need to check 
that /3s e ^yj. For i G {1,2,3} let Oj G 0{w) be such that /3i G o^. We consider three cases: (i) 
oi,02 G 0{w)^, (ii) oi G 0{w)+ and 02 G 0{w)^, and (hi) 01,02 G 0{w)+. If 01,02 G 0(t(;)°, then 

If oi G and 02 G O(w)'^, then let ai G be such that there exists i G {1, . . . , Wc^-^} 

with the property that Pi — nl^{ai) G Oi. As 02 G 0{w)^, we have n^-' {P2) £ for all j G Z. 
Thus 

ag := 7r-'{ps) = + 7r-'{p2) e (*jv + n $ C 

Moreover 77^(03) G ($L + $L)n$ C if j G {1, . . . -1} and tt^"^ (^3) G ($^ + $[7)0$ C 
Thus as G and tUag = lUai- As = 7r^(Q;3) and as 1 < z < = Wa^, we get 

G 53 C 

Let now 01,02 G 0{w)~^. Thus /3i G oi and P2 £ 02. Let q;i,q;2 G $jv"' such that 
Pi = Ti'w ("^i) = 71^(^2), where zi G {1, . . . , t^ai} and ^2 G {1, • • • , 'ii'a2}- We can assume 

that zi < 12- Let 0:3 := ai + 7r^~*i(Q;2) = 7r~*i(;53) G As in the previous case we argue that 
we have as G (with = min{wQ,j, Wq,2 "'^2}) and that /Ss G 03 C Thus (a) holds. 

We prove (b). Due to (a), from the end of Subsubsection 3.3.1 wc get that there exists a 
unique connected, smooth subgroup W^rog^ of Gk which contains T^ and whose Lie algebra is tVg^ . 
As ^oeO{w)°o C $^ C <I)p, we have Tk ^ Xg^ ^ ^tDg^ ^ Pk- Thus W^jg^ contains the subgroup 
A'^ of Xg^ of the proof of Theorem 7.6. Thus the uniqueness of Wg^ is proved similarly to the 
uniqueness of Xg^ of Theorem 7.6. Thus (b) holds. 

As Aut^*^^ normalizes K>g^ (cf. Lemma 7.1 (c)), from the uniqueness part of (b) we get that 
each h G Aut^^(A;) normalizes Wg^. Thus Aut^^ normalizes Wg^. Therefore (c) holds. □ 

§8. Two applications 

In this Section we include two applications. In Subsection 8.1 we include a complement to 
Proposition 5.4 that pertains to rational inner isomorphisms. Proposition 8.1 and Theorem 8.3 
generalize the well known fact that the Barsotti-Tate group of a finite product of supersingular 
elliptic curves over k is uniquely determined by its truncation of level 1. We use the notations of 
Subsections 4.1, 4.1.1, and 4.2.2. 

8.1. A complement to Proposition 5.4 

We assume that the cocharacter n : Grn G does not factor through Z{G)] thus the sets 
$Ar and $[/ are non-empty. Let w G Wq be such that not all slopes of {Lie{GB{k))j 9w4') are 
0. Let o G 0{w) be such that m^{o) ^ m~{o), cf. (7). Based on this and (8), we can choose 
o G 0{w) such that m+(o) < m~(o); thus all slopes of (0o5^w</') are negative (cf (7)). As the 
set o n has more elements than the set o n there exists o; G o such that a G Let 
e g^-«(a) ^ Lie(iV) be such that x^^ ^ P57r:«(a)- We have < Gii^+x^jg^ >=< Qg^ >, cf 
proof of Proposition 5.4. 

Next we check that C(ij^^_|_j;^ and Gg^ are rational inner isomorphic i.e., there exists h G 
G{B{k)) such that h{lM + Xw^)gw(f) = gw(f>h (equivalently such that h{lM + Xwa)[{9w(f>){h~^)] = 
1m). 
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For i eNU{0} let x^^{i) := {gy,(j)) '■{XyjJ] thus x^^{0) = x^^. As all slopes of (go, (^f^^^) ^) 
are positive, the elements (z) G Lie{GB{k)) converge to in the p-adic topology. Asx^y^(z)^ = 

for all i E N, :— limj_^oo ni=i(lM — ^Wa(O) ^ GLM{B{k)) is well defined and belongs to 
G{B{k)). We have 

1 i-i 
/i(1m + Xy,J[{gy,(t)){h^^)\ = [lim W{Im + Xy,^{i))]{lM + x^^J TT(1m = 

lim 1m + = 1m- 

Proposition 8.1. Let w G Wq- Then the following three statements are equivalent: 

(i) we have dim(og^) = dim(Pfc); 

(ii) we have = dim(A^fc); 

(iii) ifD :— {x G Lie{G)\gyj{(f){x)) — x}, then we have 

(19) pLie{G) C V (8)z^ W{k) C Lie{P) + pLie{G). 

Moreover if statements (i) to (iii) hold, then all slopes of {Lie{GB{k))i9w(t^) cire 0. 

Proof: As dim(Gjt) = dini(Pfe) + dim(A^fc), from (12) we get that statements (i) and (ii) are 
equivalent. We check that the statement (ii) implies the statement (iii). As S{w) = dim(A^fc), we 
have — ^iv™- As $iv = ^tT ^ fo^ each orbit o G 0{w)\0{w)'^ , the epsilon string £u,(o) is special 
in the sense that after disregarding the O's, each —1 is followed by +1 (in a circular reading). Thus 
"^i(o) > fn~{o) for all o G 0{w) \ 0{w)^. If o G O(io)*^, then we have to+(o) = > = m~{o) 
(cf. Subsubsection 4.2.2). Thus we have m+(o) > m~{o) for all o G 0{w). From this and (8) we 
get that we have 

m'^{o) = m~{o) Vo G 0{w). 

Thus all slopes of {Qoj9w4') ^.re 0, cf. (7). As all slopes of {Lie{T), gyjcf)) are also 0, we get that 
aU slopes of {Ue{GB{k)), 9w(l)) are 0. Thus D B{k) = hie{GB{k))- 

If o G 0{w) \ 0{w)^, then m+(o) = m~(o) > 0. From this and the identity $jv = ^tj^ we 
get that o 7^ and {o\d) ^ 0. In particular, we have 0{w)'^ = 0{w) \ 0{w)^. 

As Lie(G) = Ue{T)®^^^o{w) do and Lie(T|;) C t) C Lie(G)n(^^0)-i(Lie(G')) = Lie(P) + 
pLie(G), to prove (19) it suffices to show for all o G 0{w) we have pQo ^ f W{k). If o E 0{w)'^, 
then QoZp ^ f (see Theorem 7.5 (b) for QozJ and thus Qo = QoZ^ <^Zp W{k) C D (g)^^ W{k). For 
o G 0{w)+ = 0{w) \ 0{wf let 

0o — 00a © Pda- 

CK&o a£o\d 

As — and ^^(o) = m~(o), the epsilon string £u,(o) is very special in the sense that after 
disregarding the O's, the —1 and +1 are alternating each others (in a circular reading). For a e o 
we have gw(p{da) — P^^"'^d-K^{a)i cf- Subsubsection 4.2.2. From the last two sentences we get the 
identities of the below four cases: 

- if ajTTwia) G o, then a G $l and thus gw4'{Qa) = Qn^(a)', 

- if {a,7rw{a)) G o x (o\ o), then a e and thus ^u,0(0a) = Pd-ir^ia)', 

- if a, 7rw{a) G o \ o, then a G $l and thus gw(j>{pQa) = Pdn^ia)', 
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- if {a,7T^{a)) e (o \ o) X o, then ae^N and thus gw4>{PQoc) = 57r^(a)- 

These cases imply gw4>{,Qo) = So • Thus Q~ is VF(/c)-generated by elements of 0; therefore q~ C 
f W{k). As ^ So we get pQo Q f ®Zj, VF(A;). Thus (19) holds. Thus the statement (ii) 
implies the statement (iii). 

As for o e 0{w)'^ we have o 7^ and o \ o 0, it is easy to see that Q~ is a direct summand 
of t) ®Zp W{k). Thus there exists a function 77 : $ — > {0, 1} such that we have an identity 

(20) D W{k) = Lie(T) © p^^^^Sa- 

a6«E> 

We have r]{a) = if and only if a e = Uo6O(™)0 ° ^ UoeO(™)+ ^• 

We check that the statement (iii) implies the statement (ii); thus (19) holds. As Qyjcf) 
normalizes T{W{k)) and D W{k)^ it also normalizes the VF(/e)-submodule T^teT{w{k)) ^(^ 
W{k)) of Lie(G). Thus this W^(/c)-submodule is Vr(/c)-generated by D and therefore T{W{k)) 
normalizes D (8)Zp W{k). From this and (19) we get that there exists a function 77 : $ — > {0, 1} 
such that Formula (20) holds. As Im(77) C {0, 1}, for o G 0{w) the epsilon string ew{o) is special. 
Therefore ^^"^ = ^n- Thus §(?/;) = dim(A^fc) i-e., the statement (ii) holds. □ 

Definition 8.2. Let w e Wq- We say Cg^ is pivotal if statements (i) to (iii) of Proposition 8.1 
hold. 

Theorem 8.3. Suppose Qg^ is pivotal. Let g e G{W{k)). If < Qg >=< Gg^ >, then < Gg >=< 

Proof: Let the function : $ ^ {0, 1} be as in the proof of Proposition 8.1. For ct G $ we 
have 77(0;) = if and only if a G ^yj. This implies that (see Theorem 7.8 (a) and (20)) 

(21) lm(0 k Lie(Gfc)) = tOg^. 

For the sake of clarity, we divide the proof into numbered and bold-faced paragraphs. 

(i) A dilatation. Let Wg^ ^ Pk be as in Theorem 7.8 (b). Let D be the group scheme 
over Spec{W{k)) that is the dilatation of Wg^ centered on Gk- If G = Spec(OG) and Iw- is the 
ideal of Oq that defines Wg^, then D = Spec{OD) is defined by the O^-algebra Od generated by 
all ^ with X G Iwg^- It is known that D is smooth (see [3, Ch. 3, Sect. 3.2, Prop. 3]) and that 
we have a natural homomorphism D ^ G defined by the VF(/c)-monomorphism Oq ^ Od (see 
[3, Ch. 3, Sect. 3.2, Prop. 2 (d)]). Obviously DB(k) = GB{k) and 

D(W{k)) = {he G(W{k))\h G W-gM) ^ L. 

Let hx : Oq — >■ W {k)[e] / {e'^) be a W^(A;)-homomorphism that defines an element x G Lie(G). 
We have x G Lie(D) (i.e., factors through the monomorphism Oq ^ Od) if and only if 
hx{Iwg^) ^ 'P^{k)[s\/{e^) and thus if and only if a: G h\e{Wg^) = ttig^. Therefore Lie{D) is the 
inverse image of XVg^ C Lie{Gk) via the reduction mod p epimorphism Lie(G) -» Lie(Gfc). Thus 
we have Lie(L') = 9 W{k), cf. (19) and (21). 

(ii) The 5fu,(/>-action on VF(A;)-valued points. Based on (20), for a G $ we define 

D« :=p^^"^Ga,a{W{k)) = IM+P'^^^ha ^ Ga,a{W{k)) ^ G{W{k)). 

Let T> be the subgroup of G{W{k)) generated by T{W{k)) and D^'s with a G As r]{a) G {0, 1} 
and as Lie(G) = Lie(T) 0^g$0a, we have KeT{G{W{k)) G{k)) ^ D. The group Wg^ is 
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the subgroup of Gk generated by and by G^^a^'s with a G cf. Subsubsection 3.3.1. From 
the last two sentences we get that D = {h e G{W{k))\h e Wg^{k)} = D{W{k)). As g^cf)- 
normahzes Lie(i:>) = W{k) and Lie(T), we have T{W{k)) = {gwHh)9w^\h G T{W{k))} and 

2)..(a) = 1m +P^('^-("))0.^(a) = 1m + ^«,0(p^^")0a) = {9n.m9w'\h £ Thus = 

(iii) The cr-automorphism. We first recall with full details the well known fact that the 
smooth, affinc group scheme D over Spec(VF(fc)) is uniquely determined up to unique isomorphism 
by D{W{k)) and DB(k) = GB{k)- Let D = Spec{Of)) be a smooth, affine group scheme over 
Spec{W{k)) such that DB(k) = DB(k) and D{W{k)) = D{W{k)). Let Do = Spec(Oo) be the 
Zariski closure of the diagonal subgroup DB(k) of Ds^k) ^B{k) DB{k) in D y<Spec{w{k)) D. We 
check that the two natural projection homomorphisms go '■ Dq D and go '■ Dq D are 
isomorphisms; this will imply the existence of a unique isomorphism D D that extends the 
identity D^i^k) = -^^(fc) • We will only check that go is an isomorphism (as the arguments for go are 
the same). As D{W{k)) = D{W{k)), we have an isomorphism qo{W{k)) : DQ{W{k)) ^ D{W{k)). 
Let Of) ^ Oq be the W^(/c)-monomorphism that defines go- We identify Oo[^] — Of)[^] and thus 
we can view as a W^(fc)-subalgebra of Oq. We show that the assumption that ^ Oq leads to 
a contradiction. This assumption implies that there exists y e Oq \ Of) such that py G Of) \ pOf). 
As D is smooth, there exists a VF(/c)-homomorphism hy : Of, — > W{k) that takes py to an 
invertible element iy of W{k). As ^ ^ W{k), such a homomorphism hy does not factor through 
a VF(A;)-homomorphism Oq — > W{k). This contradicts the fact that qQiW{k)) is an isomorphism. 
Thus Oq = Of and therefore go is an isomorphism. 

As D{W{k)) = {gw<^ih)g~^\h G D{W{k))}, the uniqueness part of the previous paragraph 
implies that giu4' induces naturally a cr-automorphism of D. In other words, we have a unique 
isomorphism aD '■ D y<Spec{w{k)) aSpec{W{k)) —)■ D with the property that for h G D{W{k)) we 
have aoih x a-^) = gu^(p{h)g-^ G D{W{k)). 

(iv) The Zp-structure. We now show that defines naturally a Zp-structure -D^j, of 
D with the property that Lie(-Dzp) = 0. The adjoint group is the identity component of 

the group of Lie automorphisms of the semisimple Lie algebra [fl^lj^ [^]] over Qp. Accordingly 
we will take Dq^ to be a natural isogeny cover of Xq^ (as gy, acts trivially on Z'°(G), 
we have = G^^J'^). This isogeny cover is the one defined naturally by the isogeny Tq^ — >■ 
^(Sr XQp where T°^- := Im(T^; ^ I^g) (obviously T^; acts via inner conjugation on 

and thus also on [cJf^], Using Galois descent, it suffices to show that there exists a 

finite field fco = Fp<( such that the iterate isomorphism D Xs-g,ec{w{k)) CT9Spec(VF(A;)) D induced 
by defines naturally a VF(fco)-structure Z)xv(fco) ^ with the property that \Ae{Dyi/(^k^-)) = 
(8)Zp VF(/co). We pick kQ such that the torus is split. This implies that the group DB{ko) 

is also split and that there exists a Lie subalgebra V>w{ko) of the Lie algebra Lie(i3>s(fc(,)) (viewed 
over VF(/co)) such that Lie(G') = ^w{ko) ®vk(A:o) W{k). Let be a reductive group scheme 

over Spec(VF(A;o)) that has T^^^^^^ as a maximal torus and has DB(ko) as its generic fibre, cf. [34]. 
We check that there exists an element h G T^^^^^(i?(/co)) such that L'^y(fcy) := JiD'-^^^^^-^h'^ has 

as its Lie algebra. Based on the G^'^(-B(/c))-conjugacy of reductive group schemes over 
Spec(VF(/c)) that have GB{k) as their generic fibres (see [34, end of Subsect. 2.5]) and on the 
G(14^(A;))-conjugacy of maximal tori of G (see Subsubsection 3.3.2), such an element exists over 
Bik). As we have T°^-)(5(/c))/T^^(- )(W^(/c)) = T°^-^)(5(A;o))/T^^(-,^)(W^(A;o)), we easily get that 
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h exists. 

Both groups G{W{k)) and -DvK(feo)(^(^)) maximal bounded subgroups of G{B{k)) (cf. 
[34, Subsect. 3.2]) and thus are the maximal bounded subgroup of G{B{k)) that normalizes 
Lie(G) = Lie(L>^(;j(,)) ®w{ko) W{k). As G{W{k)) = ^vK(feo)(^(^))) ^ in (iii) we argue that we 
can identify G = Dvk(A;)- It is easy to see that Wg^ is the pull back of a closed subgroup 
of and that D is the pull back of the dilatation Dvk(A:o) of Wg° centered on L'vK(fc)- Thus 
Dw{ko) is the desired VF(/co) -structure of D. Therefore D^^ exists. 

As < Cg >=< Qg^ >, we can assume that g = goQw with qq e Ker(G(l^(A;)) — )■ G{k)) ^ 
L'(H^(/c)) (cf. Lemma 4.5 (c)). Let h e L>(W^(/c)) ^ L be such that qq = hanih x a'^y^ = 
hgw(f){h)~^gw, cf. Lemma 3.1. Thus hg^cf) = gogw4^h = g(j)h i.e., h is an inner isomorphism 
between Qg^ and Qg. Thus < >=< C^^ >. □ 

§9. The proof of Basic Theorem B 

Theorem 9.1 proves a technical result on P(fc)-conjugates of iik '■ Gk- We use 

Theorem 9.1 to prove Basic Theorem B in Subsection 9.1. Lemma 9.4 and Remark 9.5 present a 
result on the relation 3^ on Wg (see Basic Theorem B) and two remarks. We use the notations 
of Subsections 4.1, 4.1.1, 5.1.1, and 7.1. 

Theorem 9.1. Let w G Wg- Let : Gm Gk be a P{k) -conjugate of Hk- Let h G Lie{Gk) be 
the image under djjLik of the standard generator of Lie{Gm)- Then the following three statements 
are equivalent: 

(i) the element li is contained in the k-span tVg^ of ^g^; 

(ii) the two cocharacters jjbk and jjLik (equivalently Iq and li) are Autg^{k) — Auf^^{k)- 
conjugate; 

(iii) the two cocharacters fXk and nik (equivalently Iq and h) are Aut^^^'^{k) -conjugate. 

Proof: Obviously the statement (iii) implies the statement (ii). We check that the state- 
ment (ii) implies the statement (i). We have Iq G Lie(Tfc) C vog^ (cf. Theorem 7.5 (e)) and 
Autg^(A;) normalizes tOg^ (cf. Lemma 7.1 (c)). Thus, if the statement (ii) holds, then we have 
^1 £ and therefore the statement (i) holds. 

We prove that the statement (i) implies the statement (iii); thus l\ G tOg^. Let 

We have Lie(C/+^) = ©^g^+^s^-c«(^) = n Lie(C/fc), cf. Theorem 7.5 (h). The group Aut^^J^ 

normalizes the A;-vector spaces tOg^ (cf. Lemma 7.1 (c)) and \Ae{Uk) (as Aut^^ ^ Pk). Thus 
Aut^^^^ normalizes Lie([/+"'). As C/+"'(/c) = {1^ + w|w G Lie(C/+"')} (see Subsubsection 3.3.3 
for U{k)), we get that the group Aut^*^^ normalizes U^"^ (another way to argue this is to use 
Theorem 7.8 (c) and to remark that C/^'" = Wg^ nUk). 

For a G let c^ '■ Va^a^ ~^ ^k be as in the proof of Proposition 5.3. The direct sum 

of the tangent spaces at the identity element of the curves Im(cQ,)'s with a G is Lie(S5^^'^), 
cf. (13) and the proof of Proposition 5.3. Thus the group S^^®*^ is generated by the Im(cQ,)'s with 
a G Thus Aut?^®*^ is generated by the images of a^^ o c^s with a G cf. Subsection 

5.2 (a). Therefore the group Aut^^®'^(A;) is generated by its elements which are products of the 
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form hih2 with hi G U^^{k) and h2 G L{k), cf. (11) and the proof of Subsection 5.2 (a). The 
product of two such elements hih2 and hih2 of Aut^^^'^(/c) is fif2, where 



ri := hih2h[{hih2) hi and r2 := /i2^2 ^ 

As Aut?^^'^ normahzes U'^^ ^ we have fi G U~^'^{k). By induction, each element /i G Aut5^''*^(/c) is 
a product /i = /ii/i2, where hi G U^'^{k) and /i2 G as Aut?^'^'^ ^ Pk, h is uniquely written 

as such a product /ii/i2- 

We check that the rule h ^hi defines a finite, surjective A;-morphism (in general is not a 
homomorphism) 

Each non-empty A;-fibre of pg^ has a number of A;-valued points equal to the order of the group 



The group Bg^ is finite, cf. Lemma 5.2 (b). Thus pg^ is quasi-finite. As dim(C/^"') = S{w) = 
dim(Aut5^*''^) (cf. Subsection 5.2 (d) for the last equality), the quasi- finite morphism pg^ is 
dominant. Thus Aut^^*^'^ is an open, dense subscheme of the normaUzation 1/+^ of in the field 
of fractions of Aut^'^^'^, cf. Zariski main theorem of [29, Ch. IVl. The action of Ba on Aut^'^"^'^ via 
right translations extends to an action on The quotient /c-morphism Aut^J^^'^ — ?> Kni^^^'^ / Bg^ 

is a Galois cover. The natural finite factorization V^'^ /Bg^ radicial (i.e., it is universal 

injective on geometric points) above an open, dense subscheme of U^'^ . Thus the field extension 
between the fields of fractions of V'^'^ /Bg^ and U^'^ is purely inseparable. Therefore there exists 
a bijection between prime divisors of t/^™ and F+^/Sg^ defined by taking reduced structures 
on pulls back. 

We show that the assumption that the open, affine subscheme Aut?^*^*^ of is not the 
whole afiine scheme leads to a contradiction. This assumption implies that the complement 

C+™ of Aut?"'®'^ in contains a divisor /+™ (i.e., is not of codimension > 2 in F+™), 

cf. [21, Thm. 38]. The image 7+^ in U^"" of is a prime divisor of U^"" whose pull back to 

V^"^ is contained in C"*"™. As ^ A^^^^ there exists a global function / of whose zero 
locus is I^^ . We have f ^ k and moreover / is an invertible element of the fc-algebra A^^ of 
global functions of Aut?^^'^. As Aut?^^'^ is a connected, smooth, unipotent group (cf. Subsection 
5.2 (d)), is a polynomial ring over k (to be compared with the case of S^^p ^ in the proof of 

Theorem 6.1). Thus each invertible element of A^^ belongs to k. Therefore such an element / 
does not exist. Contradiction. 

Thus = Aut?^®*^. Therefore the A;-morphism pg^ is finite and surjective. 

As P{k) = U{k)L{k) and L/. fixes //fc, each P(fc)-conjugate of is a [/(/c)-conjugate of iik- 
Let u G U{k) be such that iiik = ufikU~^. We write u = 1^^^ -|- y, where y G Lie{Uk)- As ylo = 
and Joy — —y, we have 

^1 = (1m + y)(^o)(iM -y) = io + [y, h] - yky = lo + [y, lo] = io + y- 

As lo G Lie(Tfc) C tVg^, we get that y = li-l(^e tVg^^, n Uc{Uk) = Ue{U+'"). Thus u G t/+^(/c). 
Let a G Aut5^'^'^(/c) be such that Pg^ia) = u. As w^^a G L{k) centralizes /x^, the inner conjugate 
of fJLk through a is u{fj,k)u~^ = fiik- We conclude that the statement (i) implies the statement 
(iii). □ 
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Corollary 9.2. Let wi,W2 G Wc- If < C^^^ >=< Qg^^ >, then there exists /i2 € L{k) which is 
an inner isomorphism between Co and Co . 

Proof: Let h G P{k) be an inner isomorphism between C^^^ and Qg^^- As h{ig^^) = ig^^ 
(cf. Lemma 7.1 (a) and (b)), we have h{yOg^_^) = ^g^^- Moreover To G Lie(Tfc) C tVg^^ ntOg^^. 
Therefore h{lo)Jo G tti^^^. Let hi G Aut^'^^^(/c) be such that hi{h(lo)) = Iq, cf Theorem 9.1. 
Let h2 hih; it is an inner isomorphism between Cg^ and Gg^ . As /i2 centralizes Jq, we have 
h2 G L{k). ' ' □ 

Corollary 9.3. Each connected component of Auf^^ intersects the centralizer of in Gk- 

Proof: This follows from the equivalence of statements (ii) and (iii) of Theorem 9.1. □ 

9.1. End of the proof of Basic Theorem B 

See Subsubsection 1.1.3 for the function S : Wq Swp- For s G {1,2} let Xg^^ be the 
centralizer in G of the subtorus of T generated by the images of the cocharacters in the set 
{(Jg^ ^ It is a reductive group scheme (cf. Proposition 3.3 (a)) that contains T and 

that depends only on Ws G Wq. For w G Wc we have w G §>{ws) if and only if Qy^ G Xg^^ {W{k)). 
Thus §{ws) = {{NTr]Xg^J/T){W{k)) ^ Wp. The special fibre of Xg^ is the subgroup Xg^ of 
Gk we introduced in Theorem 7.6, cf. proof of Theorem 7.6. 

We prove the property 1.3 (a). The only if part is trivial. We prove the if part; thus 
< e^^^ >=< Qg^^ >. Let h2 G L{k) be as in Corollary 9.2. We have /j.2(Lie(Lfc)) = Lie(Lfc) and 

(cf Lemma 7.1 (a)) hi^g^J = Ig^^. Thus from Theorem 7.5 (g) we get h2{lgl^) = hl^' ^® 
compute 

Ue{h2X-g^h^^) = h2{Ue{X-g^^)) = h2{lll^ k) = k = Lie(X,^J. 

This implies that h2Xg^Ji2^ = Xg^^, cf the uniqueness part of Theorem 7.6. 

Let h'2 G Xg^^ (k) ^ L{k) be such that /i2^27fc/i2 ^^2~^ = '^k- The element ^3 := /i2^2 G L(/c) 
normahzes T^. Thus ^3 G {NTr\L){k). Let m;3 G VTp be such that there exists gs G (iVTnL)(Vr(/c)) 
which lifts gs and which is a representative of w-^^. Based on Lemma 4.1, we can assume that 
9n.-'wM^B) = 9^-'9w,cj{gn.,) = g^-ign^Mdw,)- Thus Cg„^ is inner isomorphic to Qg^-i^^^^^^y 

By replacing Wi with W;^^ti;iO"(K;3) and thus implicitly by replacing g^-^ with 9w-'^yj-^„(^^„^) = 
Qwldwi'^igws)^ we can assume ws is the identity element of Wp. Thus g^ G T(/c). This implies 

that h2 = ^3/^2"^ e ^9^2^^)- Thus we have Xg^^ = h2^Xg^h2 = Xg^^. 

The group scheme X^^^ contains T and its special fibre is Xg^^ = Xg^^ . Thus the group 
scheme Xg^^ does not depend on s G {1, 2} (cf Proposition 3.3 (d)); we will denote it simply by X. 
Let X"- be the normalizer of X in G, cf. Proposition 3.3 (b). As gius4' permutes the cocharacters 
in the set {o"*^ (a*)N ^ ^} /U factors through Z^{X), we have gw^(j){Lie{X)) = Lie(X). 

Thus the triples {M, g^j^cj), X) and {M,gw24>^X) are Shimura F-crystals over k and the element 
hi2 '■= gw29wl = {9w2(P)i9wi(p)~^ of A^t(W^(^)) normalizes Lie(X). From the uniqueness part of 
Lemma 3.4 we get that hi2 normalizes X. Thus hi2 G X'^{W{k)). Let /i2 G X{W{k)) be a lift of 
h2 G X(fc). We have identities h2gwi4'h2^ — gogw24' = 9ohi2gwi4'i where ^ro G G{W{k)) is such 
that ^0 G ag^ {N){k) (cf Lemma 4.5 (a)). As (M, (7tt,i(/), X) is a Shimura F-crystal over fc, we have 
^0^12 = h2{gl,cp)h2\g^,(p)-' e X{W{k)). Thus gohi2 G X(fc). We get go G X(A;)/ir2' C X"(fc). 
The group scheme X — <Jg^^ {X) ^ cjg^^ (L) normalizes CTg^^ {N) and the intersection X Hag^^ {N) 
is the trivial group scheme over Spec{W{k)). The last two sentences imply that the commutator of 
the element go G {ag^ {^)k ^X]^){k) with any element of Xk{k), belongs to {N){k) r\Xk{k) 
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and therefore it is 1^. Thus go centraHzes Xk{k) and therefore also T^. Thus ^ T{k). 
As ^0 is a unipotent element, we get — 1m- Thus hi2 = (?o^i2 ^ As X is the 

identity component of X° (cf. Proposition 3.3 (b)), as hi2 £ -'^"(l^^^ (^)): and as hi2 £ -^(^), we 
have hi2 G X(M^(/c)). As ji factors through Z°(X), there exists an inner isomorphism between 
{M,g^,ct),X) and {M,g^,(P,X) = {M, hi2gn.,<P, X) (cf. Lemma 4.2). Thus < Qg^^ >=< Qg^^ >. 

We prove the property 1.3 (b) The if part follows from the above proof of the property 
1.3 (a) (the role of hi2 G (X fl NT){W{k)) above being that of g^-^)- To prove the only if 

part of the property 1.3 (b), we can assume that is the identity element and (cf. Lemma 
4.1) that g^^ = g^^^gy,^. We have g^,^ G Xg^^ {W{k)). The Shimura F-crystals (M, g^^^.Xg^^) = 
{M,g^^g^^(t),Xg^^) and {M, g^^^cf), Xg^^) are inner isomorphic, cf. Lemma 4.2. Thus < Qg^^ >=< 
^gw2 ^ therefore < Gg^_^ >=< Gg^^ >. Thus the property 1.3 (b) holds. Property 1.3 (c) 
follows from the property 1.3 (b). □ 

Lemma 9.4. Let the relation ^ on Wq be as in Subsection 1.3. Let w G Wq- Then the 
equivalence class [w] G 'JI\Wg has a number of elements equal to the order \Wp\ ofWp. Thus 
:k\WG has [Wg : Wp] elements. 

Proof: Let a^j : Wq -> Wg be the composite of a : Wg -> Wg with the inner automorphism 
of Wg defined by tu; thus cr^y is the automorphism of Wg defined by the Zp-structure (Gl" , T^™) 

of (G,T). We have [w] = {wzW4^a^{w^'^)w\w3 G Wp.w^ e2>{w)}. Let tus^i, . . . , i(;3,[Wp:S(w)] be a 
set of representatives for Wp/2){w). From very definitions, we have ${w) := r\i^zO'lu{Wp) ^ Wp; 
thus aw{§>{w)) = §>{w). Therefore 

H = {w3jW4ayj{w^j)w\l <j< [Wp : §>{w)], W4 G §iw)}. 

Suppose W3jW4(Tw{w^j) = W3j'W4ayj{w^j,), where jj' G {1,... ,[Wp : §{w)]} and w^^w'^ G 

§{w). Let W5 :— w^j,W3j. We have W5 = W4aw{'W5)w^^ . As ^4,^4 G S{w) := r\i^z(7w{Wp), by 

induction on s > we get G a^{Wp). Thus ws G njgNu{0}O-u.(^p) = ^iez^^wiWp) = §{w); 
the first equality holds as cx^ G Aut(VFG) has finite order. As G §>{w), we have j — j'. Thus 
(^3^^, W4) = {w3j',w'^) i.e., the elements of [w] are listed above without repetitions. Thus [w] has 
\Wp\ elements. □ 

Remark 9.5. (a) As in Example 6.3, we can use Theorem 6.1 (b) to get a short proof of Corollary 
4.6 that does not rely on [17]. This is so as Basic Theorem B tells us how to get distinct orbits 
ofTG,.,a that intersect Nxik). 

(b) Corollary 6.2 also follows from Lemma 4.5 (d) and (e), the property 1.3 (b), and Lemma 

9.4. 

§10. The inductive step 

We present an inductive approach that play a key role in the proof of the statement 1.4 
(a) in Subsection 11. We use the notations of Subsections 4.1, (beginning of) 4.2, 4.2.1, and 7.1. 
Let Gi be a reductive, closed subgroup scheme of GLm that contains G and such that the triple 
{M,(p,Gi) is a Shimura F-crystal over k. Let Giz^ be the subgroup scheme of GLmz whose 
pull back to Spec{W{k)) is Gi, cf. Subsection 4.2 applied to (M, Gi). Let Tiz^ be a maximal 
torus of the centralizer of in Giz , cf. Proposition 3.3 (a) and (e). Let Ti := Tivi/(fc); we have 
(j){Ue{Ti)) = Lie(Ti). Let Nt, be the normalizer of Ti in Gi and let Wg, := {NTjTi){W{k)). 
Let Pi, C/i, and A^i be for Gi and fj, what P, U, and N are for G and fj,; thus Pi is the normalizer 
of in Gi , etc. Let G^^"^ be the maximal direct factor of G^^ in which /j, has a trivial image. 
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Theorem 10.1. We assume that the group scheme G is non-trivial and that each simple factor 
of either {Lie{Gf^), (f)) or {Lie{G^'^), (f)) is non-trivial; thus /x does not factor through either Z^{G) 
or Z^iGi). We also assume that the following four conditions hold: 

(i) the maximal tori of Gk are generated by cocharacters ofGLj^j of weights { — 1,0}; 

(ii) there exists a subset Rq^ of Wq^ such that the statement I.4 (a) holds in the context 
of the family {{M,gi(f),Gi)\gi e Gi{W{k))} of Shimura F-crystals over k; 

(iii) each G\{k)- conjugate iJ,2k '• ~^ Gik of a cocharacter in the set {a'^{fik)\i £ ^} '(^Hh 
the property that Im{dii2k) Q Lie{Gk), factors through G^; 

(iv) either (iv.a) the quotient finite group scheme Z{G)/Z^{G) is etale and there exists a 
direct sum decomposition Lie{Gi) = Lie{G) © LieiG)-^ of G -modules which after inverting p is 
preserved by or (iv.b) Z^{G) = Z{G) = Z{G\) and there exists a direct sum, decomposition 
Lie{G\'^) = Lie{G''^'^) © Lie{G''^'^)-^ of G'^'^ -modules which after inverting p is preserved by <p. 

Then a subset Rq ofWa as in the statement I.4 (a) also exists. 

Proof: Let g G G{W{k)). To prove the Theorem it suffices to show that there exists 
w e Wq such that < Qg >=< Qg^ >, cf. Lemma 4.5 (d). To achieve this, we wiU often replace g 
by another element f e G{W{k)) such that < Gg >=< >. As the proof is quite long, its main 
parts are bold-faced and numbered. 

Part I. Translating (ii) and Fp-structures. For gi e Gi{W{k)), let Cig^ be the D- 
truncation modp of {M,gi(f), Gi). Due to (ii), there exists wi G Wc^ such that Qig and Ci^^^ are 
inner isomorphic; here g^^-^ G NTj^{W{k)) represents wi. Let h G Gi{W{k)) be an element such 
that h belongs to Pi{k) and is an inner isomorphism between Cig and Qig^^- Let go G Gi{W{k)) 
be such that ^0 G o-g^_^ {Ni){k) and we have 

g^, = gohgcf>ih-') e NT.iWik)), 

cf. Lemma 4.5 (a) and (b) applied to (M, gcj), Gi) and (M, gwi't'j Gi). Here ag^^ := gw^cr : M ^ M. 

For /i G L, we have < Qg >=< > (cf. Subsubsection 4.2.1). Thus in what follows we 

will often replace the pair {g, h) by another pair of the form {hg(f){h)~^ , hh~^). 

Let Xig^ be the reductive subgroup of G\k that is the analogue of Xg^ of Theorem 7.6 

but obtained working with (M, gw^^'i Gi, /i). Let be the natural Fp-structure of Xig^^ , cf. 

Theorem 7.6. Let T^^^ be the Zp-structure of Ti defined by g^^^, cf. Subsection 4.2 applied to 

{M, gyj-^4',Gi). The special fibre T^^^ of T^^^ is a maximal torus of -'^il^^ • Let T^J^ be the 

smallest subtorus of T^^^ such that /i factors through TS'^'i := T^^j^y As the subtorus T^J^ of 

T^'^^ is uniquely determined by its special fibre T^J^ , TJfJ^ ^he smallest subtorus of T^^^ such 

that /Ufc factors through ""^ ; thus we have T^^^ ^ Z^{Xig^^) (cf. proof of Theorem 7.6). 

Let xf| := h~^{Xi^^ )h; it is an Fp-structure of the subgroup Xig :— h~^{Xig^^)h of Gik- 

Let 

III := h~^iih : Gm — >■ Gi. 

Let := h-^f^^^h ^ 2'0(xf|). It is the smallest subtorus of 2'0(xf|) such that nik factors 

through Tfc (i.e., the Fp-structure T^^ of is defined naturally with respect to Hik)- 

Let [1 G Ue{Z°{Xig)) be the image under di^ik of the standard generator of Lie{Gm)- We 
have li = h~^{lo) (see Subsection 4.1 for Iq). Let be the zero space of Ci^^^ . The zero space 
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3ig of Gig is h -"^(^-^--i- ) = h ^{^ig^_^), cf. Lemma 7.1 (a) and (b). As Lie{T^^^) (and thus 
also Iq) is included in the /c-span of (cf. Theorem 7.5 (a) applied to Ci^^^), the element 

li = h~^{lo) belongs to the /c-span of 31^ = h~^{^ig^^). 

Part II. Applying (iv) to study li. In this Part II we will show that we can assume that 
li is Iq. We first consider the case when (iv.a) holds. Let Lie(Gfe)-'- := Lie(G)-'-/pLie(G)-'-. As 
factors through G and due to the G- module part of (iv.a), we have a direct sum decomposition 

Lie(t/ifc) - Ue{Uk) © {Ue{Uik) n Lie(Gfc)^). 

The injective map Lig : Lie(Pi) + pLie{Gi) Lie(Gi) that is the analogue of the map Lg of 
Subsection 7.1 but for (M, gcp^ Gi), is the direct sum of Lg and of an injective map Lj- : (Lie(Pi) fl 
Lie(G')^) + pLie{G)-^ )■ Lie(G)^. Similarly, the inclusion map : Lie(Pi) + pLie{Gi) ^ 
Lie(Gi) is a direct sum of the inclusion map Iq of Subsection 7.1 and of the inclusion map 
Iq : (Lie(Pi) fl Lie(G)-'-) + pLie{G)^ ^ Lie(G)-'-. From the very definition of zero spaces we get 
that we have a direct sum decomposition 

dig = 3g © (dig n Lie(Gfc)"^)- 

Thus we can write /i — I +1^, where J and J-^ belong to tOg and to the fc-span of the 
intersection 31^ n Lie(Gfc)-'" (respectively). For each element y e Lie(Gfc) we have [h —l,y] £ 
Lie(Gfc)-'-; thus, if [li.,y] G Lie(Gfc)) then the element [li — l,y] = [l^,y] belongs to Lie(Gfe) as well 
as to Lie(Gfc)"'" and therefore it is 0. By applying this to x e Lie{Uk), as [^1,^] = —x e Lie(Gfe), 
we get that [/, x] = [h, x] = —x = [Iq, x]. 

Let P' be the image in G^^ of P. We identify U with the unipotent radical of the parabolic 
subgroup scheme P' of G^^. Let Ik be the centralizer of Lie{Uk) © Lie(G^^'^) in Lie(P^). 

In this paragraph we check that Ik = Lie(t/fe). It suffices to show that: (v) for each 
simple factor Go of G^<^, the centralizer of (Lie([/fc) © Lie(Gf '^)) n Lie(Gofc) in Lie(P^ n Gok) = 
Lie(P^) n Lie(Gofc) is Ue{Uk) n Lie(Gofc). If Go ^ G°^^, then (Lie(C/fe) © Lie(G^^^)) n Lie(Gofc) 
and Lie(P^) n Lie(Gofe) are both Lie(Gofc) and Lie{Uk) n Lie(Gofe) = 0; thus (v) is implied by 
Lemma 2.3 (a). Suppose Gq ^ G^^^ i.e., jj, has a non-trivial image in Gq. From this and the fact 
that U is commutative, we get that UkH Gok is a commutative unipotent radical of the maximal 
parabolic subgroup fl Gofc of Gofc. Thus (v) holds, cf. Lemma 2.3 (b). Thus Ik = Lie{Uk). 

Let Iq :— I — Iq G Lie(Pfc). The element /q commutes with Lie(t/fc). The image Iq of 
Zq in Lie(G^'^) has a trivial component in Lie(G^^*^) (cf. the definition of G^^*^) and thus it 
commutes with Lie(G^^''). Therefore Iq E Lie(P^) commutes with Ue{Uk) © Lie(G^'''^). Thus 
l'^ elk = Ue{Uk). Therefore Vq e Ker(Lie(Gfc) -> Lic(Gf )) + Lie(C/fc) = Lie(Z(GAO) +_Ue{Uk). 

We write Iq = I — Iq = x + y, where x G Lie(Z(Gfc)) and y G Lie(t/fc); thus I = Iq + x + y. 
Obviously Lie(Z'(GFp)) = Lie{Z^ (G^^)) C 3^. Thus x E Wg. Therefore Iq + y = I — x belongs to 
Wg and is the conjugate of li — h~^{lQ) through (1^ + y)h G Pi{k). Thus h{lQ + y) and Iq — h{li) 
are Pi (A;)-conjugate and belong to the A;-span of h{lig) — lig^^- Let h\ G Pi{W{k)) be such that 
it lifts a A;-valued point of the group of automorphisms of Cig^^ and we have hih{lo + y) = Iq, 
cf. Theorem 9.1 applied to (M, gr^jc/), Gi). As hih is also an inner isomorphism between Qig and 
^iSvji ' by replacing h with hih and ^ro by a multiple of it by an element of Gi(W{k)) that lifts a 
fc-valued point of a^^^ (-^i), we can assume that h = {h)~^{lo) is Zq + y G Lie(PA;). This implies 
that 1^ = and h = I = Iq + y. 

Up to a replacement of the triple {g, h, li) with the triple ((1m — y)94>i)-M + J/), h{lM + 
y)i (1m ~ ^)(^i))) where y G Lie(t/) lifts y, we can assume that Zi = T is {1^ — y){lo + y) = 

lo + y -y = lo- 



41 



If (iv.b) holds, then by working with the images of li and Jq in Lie(G^^) instead of li and 
Zo, as above we argue that I — Iq + x + y, where x G Lie{Z{Gk)) and y G Lie{Uk), and that we 
can assume li = Iq = I. 

Part III. Applying (iii). As h = Iq we have fiik = jJik- Thus h centrahzes jik- The 
centrahzer of li = Iq in is Lie(xf|) (after inner conjugation with h, this follows from Theorem 
7.5 (g) applied to {M^g^^(f),G\)) and it is also the direct sum of the centralizers of Iq in ig and 
in iig n Lie(Gfe) • Thus the smallest Fp-vector subspace s of Lie(X;^|) whose tensorization with 
k contains To, is contained in tti^. As T^^ ^ and as Tfc = h~^T^'"^h is generated by 

the cocharacters h~^ag^^ (a*A;)^ = ^~^^g^^ (/^ifc)^ with i G Z, we get that the Lie algebras of the 
images of these cocharacters are contained in s and thus also in Lie(Gfc). Therefore these images 
are tori of G^, cf. (iii). Thus is a torus of G^- As centralizes niJi — Hk, it is in fact 
a torus of L^. As the maximal tori of Lj. are L(/c)-conjugate, up to a replacement of the pair 
{g.,h) with {hQg(l){hQ^),hhQ^), where ho G L{W{k)) is such that hoTkliQ^ ^ T^, we can assume 
Tk ^ Tfc. Let T be the unique subtorus of T that lifts Tfc. As /ik = A*ifc factors through T/-, the 
cocharacter n of T factors through T. 

Part IV. Applying (i) and toric properties. Let 

f':=ag{f), S':=ag{fN), and S' :^ ag{TN). 

Let ^0 £ Lie(Ti[rp) C 3^ n Lie(I\). Let xq G Lie(T) be a lift of xq. There exists y G Lie(A'") such 
that g(f){xQ+py) — xo G pLie(G), cf. Lemma 7.3 (d). Thus xq — (Jg{xQ + y) G Lie(5'^). This implies 
that Lie(Tfc) C Lie(^^) C Lie(5^). As Lie(T'fc) C Lie(5^), from (i) and Proposition 2.4 (b) we get 
that Tk centralizes a maximal torus Tj! of 5"^. Thus is a subtorus of T^'. Let ^2 £ crg(A^)(/c) 
be such that 92^92^ is a subtorus of T^', cf. [1, Ch. Ill, Thm. 10.6 (4)]. We have Qg = Gj^g 
(cf. Lemma 4.5 (a)) and thus 3g = 3^29 (cf- Lemma 7.1 (b)). We get that Ci^ = ^1929- Thus h is 
an inner isomorphism between 61^23 ^7 replacing {g,go) with {g2g, gohg2h~^), where 

^2 e G(VF(/s)) lifts ^2, we can assume Tfc and commute. 

By replacing the pair {g,h) with {h2g4>{h2^),hh2^), where /i2 G L(W^(A;)) lifts a /c-valued 
point of the centralizer of in Lfc and we have h2TlJi2^ ^ T^, we can assume that ^ 
Tfc. By replacing the pair {g^go) with {gsg, gohg^h'^), where ^fs G Ker(G(VF(/c)) ^ G_(/c)) is 
such that g^T'g^^ ^ T (cf. Subsubsection 3.3.2), we can assume f' ^ T. As hf^h'^ = 
Tf"'^ from Subsubsection 3.3.2 we also get that there exists ^4 G KeT{Gi{W{k)) Gi{k)) 
such that hfh-^ = g^f^^^g^^. As £^^,(/)(Lie(Ts-i )) = Lie(f»-i) and gQ^g^^(j){Ue{hfh-^)) = 
hagfM{^)h-^{Ue{hfh-^)) is Ue{hag{f)h-'^) = Ue{hf'h-^), we get 

^o(Lie(/iT"/i-i)) =^„XLie(/iT/i-i)) =^„,(/)(^4(Lie(T^'-i))) 

= ^7^,(/>^74<^-'^-^^7z.i</'(Lie(T^'»i)) = (7^,(/>((74)^7-^ (Lie(T^'-i )) = g^^(Pig4)g-lg^\Ue{hfh-^)). 

Thus hTh~^ and hT'h~^ are inner conjugate under := gQ^g'/^ G Gi(VF(/c)), with (74 := 
9wi4'i94:)9wl94^ ^ Gi(VF(/c)). As 514 G Ker(Gi(VF(/c)) — )■ Gi(/c)) and as the reduction mod p 
of (pig^) belongs to Ni{k), we have G cTg^^ (A^i)(/c). Thus ^5 = ^^"^^^ G ag^^{Ni){k). As 

g^hT}Ji~^g'^^ = hT^h~^ , we get that 3)- and are (/i~-'^(Tg^^ (A''i)/i)(/c)-conjugate. As /j,"-*^ is an 
inner isomorphism between Qig^ and Cig, the group of elements * G Gi{k) such that Qig = Ci*^ 
is on one hand [h~^ag^^ {Ni)h]{k) and on the other hand is ag{Ni){k) (see Lemma 4.5 (a)). Thus 
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the two tori and are cTg(A'^i)(/c)-conjugate. Therefore and T(. are tori of ag{TNi)k; more- 
over their images in {(7g{TNi)/ a{Ni))}~ coincide. The tori and commute (being subtori of 
T/s). From the last two sentences we get that T}~ and are the same torus of Ug{TNi)k and thus 
also of Tfc. Thus the two tori T and T' of T coincide. Therefore ag normalizes Lie(T'). 

Part V. Applying Lemma 4.2. Let G be the centralizer of T in G. As T ^ T and as 
ji factors through T, ji factors also through Z°(G). As ag normalizes Lie(T), it also normalizes 
Lie(G). Thus gcj) = agii{^) normalizes Lie(G) and therefore the triple {M,g(f),G) is a Shimura 

F-crystal over k. As /j, factors through Z°(G), for each g G G{W{k)) there exists an inner 
isomorphism between [M, gcp^G) and {M,gg(f),G) (cf. Lemma 4.2) and thus we have < 6^ >=< 
^99 >• take g such that ggcj) normalizes Lie(T) (to be compared with Subsection 4.2). 

Thus gg G NT{W{k)). We can assume there exists w G Wq such that gg — g^j. We have 
< Qg >=< Ggg >—< Gg^ >. TMs cuds thc argument for the existence of G Wq- □ 

§11. On Basic Theorem C 

In Subsection 11.1 we prove Basic Theorem C. A fast way to achieve this, is to first use 
Basic Theorems A and B and Corollary 6.2 to prove the shifting process which says that it suffices 
to prove Basic Theorem C for p >> and then to show that Theorem 10.1 applies if p >> 0. 
For the sake of completeness, we will formalize and use the shifting process only when it is truly 
required (i.e., only in the Case 5 below). See Corollary 11.1 and Subsection 11.2 for a Corollary 
and three functorial complements. 

We use the notations of Subsections 4.1, 4.2.1, and 5.1. Let : G^"^ be the 

composite of : G with G ^ G*^. Let P',T', and Nt' be the images of P, T, and Nt 

in G^'^. Let T^^ := Im(Tz^ G^^J; it is a Z^-structure of the maximal torus T' of G^'^. Let 
Tr : Endw{k)iM) x Endw{k)iM) W{k) be the trace map. 

11.1. Proof of Basic Theorem C 

We now prove Basic Theorem C. Let T^ad p/ j./ be the action defined as in Subsubsection 

2.2.1 for the Frobenius endomorphism a of G^*^ = Gp*^ Xw^k. We have a product decomposition 
(cf. (6)) 

'^Gf ,P^T^,a = n ^Gi,P;^nGlTl^nGi,a- 

To prove Basic Theorem C is equivalent to checking that Conjecture 2.1 holds for the quadruple 
(Gfc, Pfc, Tfc, cr), cf. Lemma 5.1 (b). Based on this and Proposition 2.2 (d), to prove Basic Theorem 
C is equivalent to checking that for each j G J the Conjecture 2.1 holds for {G^., Pj^flG;^, T^flG;^, a). 
For this we can assume that J 7^ 0. Let G^ be the reductive, closed subgroup scheme of G that 
is the inverse image of G-^^^^ Xspec{w{k)) Ilj'eJ\{j}^' ^ ^vv(fc) through G G*'^. The Lie 
algebra Lie(G-^j-^p = Lie(TB(fe)) + ^^^(^^{k)) normalized by (p. As /x factors through T, it also 
factors through &. Thus the triple {M,(j),&) is a Shimura F-crystal over k. The Conjecture 
2.1 holds for (G^,P^ n GJ , n G^, a) if and only if Basic Theorem C holds for the family 
{{M,gj(l),&)\gj G &{W{k))} of Shimura F-crystals over k, cf. Proposition 2.2 (d) and Lemma 
5.1 (b). Thus by replacing G with & for some j G J, it suffices to prove Basic Theorem C under 
the extra assumption that: 

(i) the set J has only one element (i.e., the adjoint group scheme G|^ is simple). 
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Moreover we have the foUowing replacement process. 

(ii) To prove Basic Theorem C (i.e., to prove Conjecture 2.1 for (G^*^, P^, T^, cr)), we can 
replace (M, G, ^u) by any other analogue quadruple (M*, 0*, G*, for which we can identity 

(^Zp' ^Zp' A*') ~ (^*Zp' ^*Zp' A''*)- 

Based on Lemma 4.2 we can also assume that /i does not factor through Z{G); thus both 
n' : Gm G^'^ and (Lie(G^'^), are non-trivial. As |U is a cocharacter of GLm of weights 
{ — 1,0}, for each i E 1i the image of cr*(/x) in a simple factor Go of G''^'^ is either a minuscule 
cocharacter of Go (i.e., it acts on Lie(Go) via precisely the trivial, the identical, and the inverse 
of the identical character of Gm) or trivial. 

To prove Basic Theorem C it suffices to prove the statement 1.4 (a) (cf. Corollary 6.2) and 
thus (cf. (ii)) it suffices to show that by keeping fixed the triple {G^, , //'), we can choose the 
family {(M, gcf), G)\g G G{W{k))} of Shimura F-crystals over k such that the set Rg exists for it. 
Starting from the triple (G|^, T^^, /i'), most often we will only apply Theorem 10.1 and moreover: 

(iii.a) make a good choice for Mz^ and Gzp and for a reductive, closed subgroup scheme 
GiZp of GX/Mzp which contains Gz^; implicitly M, G, and Gi will be Mz^ ®Zp W{k), GvK(fe); and 
Giwik) (respectively); 

(iii.b) take the maximal torus Tz^ of Gzp to be the inverse image of T^^ in G^^; 

(iii.c) take /j, : Gm — )■ G to be the unique cocharacter that lifts /x' : Gm G^*^, that 
defines a cocharacter of GLm of weights { — 1,0}, and that does not act through a non-trivial 
scalar multiplication on any direct summand of M which is a G-module; implicitly will be 

(iMzp «) (7)//(^). 

It is always easy to check that the condition (i) of Theorem 10.1 and the parts of the 
condition (iv) of Theorem 10.1 which refer to Z'°(G), Z{G), and Z{Gi) hold. Thus below we will 
not refer to these parts of the conditions of Theorem 10.1. For checking a stronger form of the 
condition (iii) of Theorem 10.1, let H2k '■ Gm — ^ GLm be a cocharacter of GLm of weights {—1, 0} 
which factors through Gik and for which we have Im((i/X2fe) ^ Lie(G/c). 

Let ko D ¥p be the finite field extension such that G|^ is Res^(fco)/ZpG'vy(fc,))' with Gvi/(fco) 
an absolutely simple adjoint group scheme over Spec{W{ko)) (cf. (i] and Subsection 3.1). Let ki 
be the smallest field extension of ko such that Gw(ki) is split. As Gw{ko) ^^t of ^1)4 Lie type 
(cf. [30, Cor. 2, p. 182]), we have [ki : ko] < 2. 

Based on the type r of (Lie(G^'^), 0) (see Subsection 4.4), we will distinguish six disjoint 
Cases. 

Case 1: t = An and ki = ko. Let Mq := Vr(A;o)"+^ We identify G^(fcy) = SLmo- Let Mz^ be 
Mo but viewed as a Zp-module. We identify ResvK(feo)/ZpG'^(fc„)(Zp) (resp. Resw(ko)/ZpZ{GLMo){^p 
with the group of W{ko)-lmeaT automorphisms (resp. W{ko)-lmeaT scalar automorphisms) of 
Mzp. Thus we can view Resw{ko)/i.pGw(ko) ^^^w{ko)/i.pZ{GLMo) as closed subgroup schemes 
of GLmx^ ; let Gzp be the reductive, closed subgroup scheme of GLmz^ generated by them. Let 
GiZp '•= GLmzj,', thus Gi = GLm- The monomorphism G )■ Gi is isomorphic to the standard 

monomorphism GlI^^^''^ ■— )■ (?L(„+i-)[/jq.]f^]. From this and [30, p. 85] we get that there exists a 
cocharacter n : Gm — )■ G as in (iii.c). 

The restriction of Tr to Lie(G) x Lie(G) is perfect, cf. Lemma 3.5 (i) and the description of 
G ^ Gi. Thus we have a direct sum decomposition Lie(Gi) = Lie(G) © Lie(G)-'- of G-modules, 
where Lie(G)-'- is the perpendicular of Lie(G) with respect to Tr. As we have Tr(0(a;), 0(y)) = 
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cT(Tr(a;,y)) for all x, y E Endi4/(fc)(M), the i?(A;)-vector space Lie(G)-'-[-] is normalized by (p. 
Thus the condition (iv.a) of Theorem 10.1 holds. Also the condition (ii) of Theorem 10.1 holds, 
cf. Corollary 4.6. From Proposition 2.4 (b) applied with Sq = Gk and = Im(//2fc), we get 
that lm{fj,2k) commutes with a maximal torus of Gk and thus also with Z{Gk)- Thus fi2k factors 
through the centralizcr of Z{Gk) in Gik which is Gk itself; thus the condition (iii) of Theorem 
10.1 holds. We conclude that the set Rq exists, cf. Theorem 10.1. 

Case 2: p > 2 and t = Cn- We have /cq = ki and G^^^^-j is the Sp group scheme of a symplectic 
space (Mo,'0o) over W{kQ) of rank 2n. Let Gz^ := Resw{ko)/'LpGSp{MQ,'4)Q). Let Mz^ be as in 
Case 1. 

Let GiZp := ^'^^w{ko)/'i. GLmq- Condition (ii) of Theorem 10.1 holds, cf. Case 1 applied to 
(M, (/), Gi). As p > 2, the restriction of Tr to Lie(G'^«=0 x Lie(G"i^'') = Lie(G^'^) x Lie(G'^d) is per- 
fect (cf. Lemma 3.5 (iv)); thus we have a direct sum decomposition of G-modules Lie((j'i) = 
Lie(G'^'^'') © Lie(G*^'^'')^, where lAe^G'^'^^)-^ is the perpendicular of Lie(G'^'^'^) with respect to 
the restriction of Tr to Lie(Gi) x Lie(Gi). Let Lie(G^'^)^ := Im(Lie(G"i^O^ ^ Lie(G'f )). 
As Lie(Z'(Gi)) C Lie(G5^'^'')-'-, we have a direct sum decomposition of G-modules Lie(Gf'^) = 
Lie(G^'^) © Lie(G*'^)-'-. As in Case 1 we argue that normalizes lAe{G^)^[^]. Thus condition 
(iv.b) of Theorem 10.1 holds. As the faithful representation G ^ GLm is isomorphic to the stan- 
dard faithful representation of rank 2n[kQ : Fp] of a GSp^2n^^^ group scheme over Spec(VF(A;)), 
from [30, p. 186] we get that there exists a cocharacter ii : — )■ G as in (iii.c). Due to the 
description of G GLm, to check the condition (iii) of Theorem 10.1 we can assume ko — ¥p. 
Let I2 be the image through diJ,2k of the standard generator of Lie(G^). As I2 G Lie(Gfc): both 
hiM) and (Ijg -|- 12){M) are maximal isotropic subspaces of M = Mq k with respect to the 
reduction mod p of i/jq. It is easy to see that this implies that iJ.2k factors through Gk- Thus the 
condition (iii) of Theorem 10.1 holds. Wc conclude that the set Rg exists, cf. Theorem 10.1. 

Case 3: p > 2 and r = D^. As [ki : ko] G {1, 2}, Gko is the adjoint group of the SO group Gl^^ of 
a quadratic form on /cq"^ that is either xiX2+- ■ ■+X2n-iX2n or xiX2+- ■ ■+X2n-^X2n-2+x\^_i—ax\^ 
with a e fco not a square (cf. [11, Thm. 2.2.6 and Sect. 2.7]). Based on Subsection 3.1, the 
group scheme Gw{ko) adjoint of the SO group scheme G^^^^^ of a quadratic form on 

Mo := ■^^(fco)^"' that is either X1X2 H h X2n-iX2n or X1X2 H h X2n-2,X2n-2 + a^l^-i - axlni 

where a G VF(/co) lifts a. This case is in essence the same as Case 2: we only have to replace 
GSp2n group schemes by GSO group schemes of rank n -\- 1. Only one thing needs to be dealt 
with separately. See [2, plate IV] for standard weights and nodes associated to the Lie type. 

The existence of ji as in (iii.c) is implied by the Dn case of [30, p. 186] as follows. Let 9 be 
the set of morphisms Spec(VF(A;)) — > Spec(VF(A;o)) of Spec(Zp)-schemes. We identify 

Giw{k) = n^^^o Xspec(W(feo)) eSpec(W(A;)) and (S"^^' = Il^v^Cfeo)' 

where G]^(^ko) '•= ^w{ko) xspec(w(fco)) eSpec(W^(/c)) < GLmo xspec(VK(fco)) eSpec(T4^(/c)). We first 
consider the case n — 4 and ki — ko. In this case n exists for only one out of the three possible 
choices for G^^j^^y More precisely, the non-trivial images of a'(/x')'s with i G Z in a simple factor 

^w{k) °f ^w(fe)' minuscule cocharacters that correspond (up to A^T(W^(/^))-conjugation and 
a numbering of the extremal nodes) to the last nodes 3 and 4 of the Dynkin diagram of G^*^^^ 
with respect to the image of T^^^^-) in G]^^^^ (i.e., are zu'^ and w'^ cocharacters). The fact that 
only (resp. that at most two) extremal nodes show up is implied by loc. cit. The fact that at 
least two extremal nodes show up is implied by the definition of the Df type, cf. Subsubsection 
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4.2.1. Thus G^^^^^^i is such that the weight of the Gj^j-^-j-module Mq ®w{ko) eW{k) is tui, cf. loc. 
cit. The case i — also shows that n exists, cf. loc. cit. 

If n > 5 or if n = 4 and ki ^ ko, then there exists a unique isogeny cover G^^^^^ of Gw{ko) 
as in the previous paragraph. The existence of fj, is argued as in the case n = 4 and ki = ko (for 
n > 5, the mentioned minuscule cocharacters correspond either to one or to both nodes n — 1 and 
n and thus are and cocharacters). 

Case 4: p > 2 and r is or D^. We first consider the case r = D^. We fix embeddings 
W{ko) ^ W{ki) M> W{k). Below the nodes (resp. the weights) are of the Dynkin diagram of 
Gw{k) with respect to the pull back of T' to a maximal torus of If and n > 5, 

then the group Autw{ko)(^{ki)) = Gal(A;i/A;o) of order 2 permutes the two weights of the half 
spin representations of G^^^^^. If n = 4 and ki ^ ko, then we consider the two weights that 
are permuted by Gal(fci/fco) and that define half spin representations. If n = 4 and ki = ko, 
then we consider the two weights tu^^ and that define half spin representations of G^^^^^-j 

such that the non-trivial cocharacters of G^^^^ defined by a"*(//)'s with i e Z, are minuscule 
cocharacters corresponding (up to A^T(W^(^))-conjugation) to the node ai^, where zs is such that 
{ii,i2,h} = {1,3,4} (i.e., are w^^ cocharacters). 

Regardless of what n > 4 and [ki : ko] G {1,2} are, there exists a well defined spin 
representation of G^^^q) on a free VF(A;o)-module Mi of rank 2" (associated to the considered pair 

of weights). We write Mi(g)vK(fco)^(^i) = M^^^eM^ \ where M^^^ and ^ are the two half spin 
representations of <5^^^^^. Let M^^ be Mi but viewed as a Zp-module. Let e := — (— l)['=i-'=ol. Let 
GGSpin2n be the subgroup scheme of GLmi generated by <5^^^^^ and the torus whose pull back 
to Spec{W{ki)) is Z(GL^(i)) Xspec(iv(fci)) Z{GL^C2)). Let Gz^ := BBSw{ko)/Zp<^GSpin^2n- Let 
GiZp be the ResvK(A;o)/Zp of the closed subgroup scheme of GLm^ whose pull back to Spcc{W{ki)) 
is GL^(i) Xspec(iv(A;i)) GL^(2). If [ki : ko] = 2, then dz^ is the Resw{ki)/Zp of a GLan-i group 
scheme over Spcc(VF(A;i)). If ki = ko, then Giz^ is the Res'[y(^k^^yZp of a GL'^„_i group scheme 
over Spec{W (ko)) . Let /U : — 7> G be as in (iii.c), cf. [30, p. 186] and the definition of the 
type. The condition (ii) of Theorem 10.1 holds, cf. Case 1. 

The restriction of Tr to either Lie(G) x Lie(G) or Lie(Gi) x Lie(Gi) is perfect; this follows 
from Lemma 3.5 (v) once we remark that Gi is a product of GL2W-1 group schemes and that the 
restriction Tri of Tr to Lic(Gi) x Lie(Gi), is the standard trace form. Thus we have a direct sum 
decomposition Lie(G'i) = Lie(G) © Lie(G)^ of G-modules, where Lie(G')-'- is the perpendicular 
of Lie{G) with respect to Tri. As in Case 1 we argue that (f) normalizes Lie(G)-'-[^]. Thus the 
condition (iv.a) of Theorem 10.1 holds. 

To check the condition (iii) of Theorem 10.1 we can assume ko = Fp. Let G" be the 
normalizer of Lie(G) in Gi. It is a closed subgroup scheme of Gi that contains G. We check 
that G" is smooth and Lie(G") = Lie(G). It suffices to show that Lie(G^) = Lie(GA;). Let 
X E Lie(G)^/pLie(G)"'" be such that it normalizes Lie(Gfc). We have [x, Lie(Gfc)] C Lie(GA;) fl 
(Lie(G)-'-/pLie(G)-'-) = 0; thus x centralizes Lie(Gfc). Let be a maximal torus of G^'^''. The 
weights of the T°-module M are distinct and their non-zero differences are (as p > 2) not divisible 
by p in the Z-lattice of characters of Tj^. This can be checked over C and thus it follows from 
[9, Part III, Exercise 18.4, Prop. 20.15]: the Z-lattice of characters of is the Z-lattice of 

®i=iQk generated by h,. . . , In-i, and ^(/i H h In); the weights are ^(/i H h In) - Zlie/ 

with / an arbitrary subset of {1, . . . ,n}. Due to the fact that the non-zero differences of these 
weights are not divisible by p, the centralizer of in GLj;^ is a maximal torus of GL^. 
Thus the centralizer of T° in Endfe(M) is Lie(T^). Therefore x belongs to the Lie algebra of 
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the intersections of all such centralizers T^'s. This intersection of tori commutes with all tori of 
Gfc and thus also with Gk- For i G {1,2}, the weights of the action of on m[^^ ^w{ki) k are 
permuted transitively by the Weil group of with respect to (cf. loc. cit.) and thus the 

G/e-module M^^ ®vK(fci) k is irreducible. Thus the centralizer of in GL^ is Z{Gk)- Therefore 
X e Lie{Z{Gk)) n (Lie(G')-'-/pLie(G')-^) = 0; thus ;r = 0. We conclude that is smooth and that 
Lie(G") = Lie(G). Thus G is the identity component of G^. But yu2fc normalizes Lie(Gfc) (cf. 
Proposition 2.4 (b)) and thus it factors through the identity component Gk of Therefore the 
condition (iii) of Theorem 10.1 holds. Therefore the set Rq exists, cf. Theorem 10.1. 

Suppose T = Bn- As G'^(-^^^| is split, we have ki = ko. Let Mi be the G^^^^^-module 

that defines the spin representation of G^^j^^^y Let GSpin2n+i be the subgroup scheme of 

GLmi generated by G^w{k„) Z{GLmJ- Let Gz^ Resw{ko)/ZpGGSpin2n+i- Let Giz^ := 
ResvK(feo)/ZpG-t'Mi- Using [9, Prop. 20.20] as a substitute for [9, Prop. 20.15], the rest of the 
argument is (i.e., the last two paragraphs are) as above. 

Case 5: p = 2 and r is B^, Cn, D^, or D^. In this Case we will show directly that there 
exist elements wi, . . . , wi\Y(.:Wp] of Wq such that: (i) the orbits Og^ , ■ ■ ■ , Og^ of Tq^. a ^ire 

distinct and (ii) for all z G {1, . . . , [Wq '■ Wp]} wc have E>{wi) = df — du (see Subsubsection 4.1.1 
and the properties (iv) and (v) of Subsection 6.1 for notations). Based on the Basic Theorem 
A and Theorem 6.1 (b), this wiU imply that O = {og^.\l < i < [Wg : Wp]}. Thus the set Rq 
exists, cf. Lemma 5.1 (a) and Lemma 4.5 (d). 

If p > 2, the existence of the elements wi, . . . ,W[\Yg:Wp] follows from Cases 2 to 4 and 
Theorem 6.1 (a). To check for p = 2 the existence of such elements wi, . . . , W[w^.\y^-^, we first 
remark that for w G Wq the permutation tt^ of Subsubsection 4.1.1 is only the natural action of 
wa on the root system $ of Subsubsection 3.3.1. Thus the number E>{w) of Subsubsection 4.1.1 
can be computed in terms of w and of the automorphism a : ^>^^>. The relation !Jl on Wq 
which keeps track on when two orbits Og^, and Og^, are distinct (see Basic Theorem B; here 
Wi^jWi^ G Wg), is determined by the action of cr on $ and by the cocharacter fi' : — > '^w{k)- 
Here fi' is an element of the abelian group of cocharacters X*(T^^^p of T^^j^^ and $ is a subset of 
the abelian group of characters X*(T^^^^) of T^^j^y Wc conclude that the existence of elements 
wi, . . . , W[vkg:Wp] having the desired properties, is encoded in the data provided by the following 
quintuple 

(X,(T(^(,)),X*(T^(,)),//',$,ct), 

where a is an automorphism of the root system $ and thus also of the Weyl group Wq = VFgad 
of $. But this quintuple does not depend on the prime p i.e., for each odd prime / there exists 
a Shimura F-crystal (M^'), 0^'), G^'^) over an algebraic closure of F/ whose analogue quintuple 
is (X*(T^^^p, X*(T^j.^P, /x', $, 0"). This is a direct consequence of the constructions performed 
in Cases 2 to 4 which were based only on the data provided by such quintuples. Here are two 
examples. If r = B^, then the Z;-structure G''^^^^^'^ of G(')^'^ is the Weyl restriction Resvi/(F [^.^.j, 
of a split, absolutely simple adjoint group of B^ Lie type and {M'^^\(f)'^^\G^^^) is obtained as in 
Case 4 using spin representations. If r = and [ki : ko] = 2, then the Z;-structure G^^^'^^ of 
Q(i)a.d ^YiQ Weyl restriction Res^(F i^iyw °^ ^ non-split, absolutely simple adjoint group of 

^Dn Lie type and (M^'), G^')) is obtained as in Case 3 using representations of rank 2n and 
quadratic forms. 

Thus the existence of elements wi, . . . , W[vi^q:vFp] having the properties (i) and (ii), follows 
from the first sentence of the previous paragraph. Therefore the set Rg exists. 
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Case 6: r = with n > 3 and ki ^ /cq. Let Mi := Wih)"^. We identify G'^(fc^) = ^Lmi- 

Let be Mi but viewed as a Zp-module. We identify naturally G^^'^ = Res^(fc„)/2pG^^(fcg) 

with a closed subgroup scheme of Resyyt^^^yj^^G^^f^^-^ and thus of GLm^^- Up to a Gm(VF(A;o))- 
multiple, there exists a unique perfect, alternating form on M^^ that is M^(A;o) -linear and that is 
fixed by C^*^"^. This implies that there exists a unique reductive subgroup scheme GiZp of GLm^^ 

that contains G^^ and such that Giiy(fco) ^ GSp^2n^^^ group scheme over Spec(VF(/co))- Let G^^ 
be generated by G^*"^ center of the centralizer of G"^"^ in GiZp- The monomorphism 

(^der ^ (Oder ppoduct of [/cq : Fp] copies of the standard monomorphism SL^ )■ Sp2n- The 
ranks of and Z{Gi) are 2[/co : Fp] and [fco : Fp] (respectively). From the last two sentences 

wc get that the ranks of G and Gi are (n + l)[/co : Fp]. Thus T = Ti. Let ^ : Gm — )■ G be as 
in Case 1. Let Lie(Gi) = Lie(T) © ®a&^i ^® ^^^^ decomposition relative to T; we have 
$ C $1. The T-submodule 

Lie(G)-^ := ©a6$i\$0a 

of Lie(G'i) is uniquely determined by the identity Lie(Gi) = Lie(G) © Lie(G)"'". As (p normalizes 
Lie(T), Lie(GB(;;;)), and Lie{GiB(k))-) it also normalizes Lie(G)-'-[^] i.e., the condition (iv.a) of 
Theorem 10.1 holds. Let a e ^ and cti e $i \ $ be such that a + ai e If a + ai e ^, then 
= [0-a[J],0a+ai[^]] Q Lie(G)[i] (cf. Chevallcy rule for the equality part) contradicts the 
relation cti G $i \ $. Thus + ($i \ $)) n $i C $i \ $. From this and the Chevallcy rule we get 
that the direct sum decomposition Lic(Gi) = Lie{G) ©Lie(G)-'- is left invariant by Lic(G). Thus 
this direct sum decomposition is normalized by any maximal torus of G and therefore also by G 
itself. Thus Lie(G)-'- is a G- module. The centralizer of a maximal torus of Gk in Gik is this torus 
itself and thus it is contained in Gk- From this and Proposition 2.4 (b) we get that //2fc factors 
through Gk- Thus the condition (iii) of Theorem 10.1 holds. Also the condition (ii) of Theorem 
10.1 holds, cf. Case 2 if p > 2 and cf. Case 5 if p = 2. The rest is as in Case 1 i.e.. Theorem 
10.1 implies that the set Rq exists. This ends the proof of the statement 1.4 (a) and thus also of 
Basic Theorem C and of Corollaries 1.1 and 1.2. □ 

Corollary 11.1. (a) Conjecture 2-1 holds for (g,y,T,F) = (Gk, Pk,Tk, a) . 

(b) We have O = {og^\w G Wq} and the set O has precisely [Wg ■ Wp] elements- 

(c) There exists a unique equivalence class [w] G ^\Wg called the pivotal class (equivalently 
there exists a unique orbit Og^ G O called the pivotal orbit) such that dim(op^) = dim(Pfc) (equiv- 
alently such that dim(og^) < dim{Pk)). Moreover, for g G G{W{k)) we have < Qg >=< Qg^ > 
if and only if < Gg >=< Gg^ > (i.e., with the notations of Corollary 1-2, the subset Mod~^(Gg^) 
of loo has only one element LiftiQg^)). 

(d) Let g G G{W{k)). Then < Gg >G Im{Lift) if and only if there exists a maximal 
torus T of G such that gcf) normalizes Lie{T). Thus Im{Lift) does not depend on the choices of 
ji : Grn ~^ G and T; therefore the section Lift : I ^ Iqo of Modp : loo ^ I is indeed canonical- 
Proof: Part (a) follows from Basic Theorem C and Lemma 5.1 (b). Part (b) only translates 

Corollary 1.1 and Lemma 5.1 (a). Based on (a) and the fact that the composite map 6can ° Ocan : 
^\Wg ^ O is an isomorphism, (c) only combines Remark 6.4 (c) with Theorem 8.3. 

We check (d). As g^cj) normalizes Lie(T) for all w G Wq (cf. Subsubsection 4.2.1), we 
only need to check that if there exists a maximal torus T of G such that g4> normalizes Lie(T), 
then there exists w G Wg such that < Gg >=< Gg^ >. As g4> normalizes Lie(T), we have 
Lie(T) C pLie(G) + Lie(P) = Lie(G) n {g(l))-\Ue{G)). Thus Lie(Tfe) C Lie(Pfe). Let A'^ and 
A'j^ be subgroups of Gk as in the proof of Theorem 7.6. Let := fk n A'^. and f^' := fk n A',^; 
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they are maximal tori of A'^ and A'l^. We have A^' ^ ^ Pk] thus T^' ^ Pk- The intersection 
A'f, n Pfe is a parabolic subgroup of A'j^ whose Lie algebra contains Lie(T^). As is generated 
by cocharacters of GL^ of weights {—1,0}, it centralizes a maximal torus of A'^ n P^ (cf. 
Proposition 2.4 (b)) and thus it is contained in As is generated by and T^', we get that 
ffe ^ Pk. Let h e P(fc) be such that hfkh-^ = T^. Let h e ^ L be a lift oiji such that 

hTh~^ = T, cf. Subsubsection 3.3.2. By replacing g with hg(j){h~^), we can assume T = T. Thus 
fif(/) and both normalize Lie(T); thus g G A^t(W^(^))- Let w E Wq be such that g e T(14^(A;))(7iu. 
We have < Qg >=< Gg^ >, cf. Lemma 4.1. Thus (d) holds. □ 

11.2. Three functorial complements 

(a) In Case 6 of Subsection 11.1, as GiZp we can also take ResvK(fei)/Zp^-^Mi- Conditions (i) 
and (ii) of Theorem 10.1 hold. But the condition (iii) of Theorem 10.1 does not hold if and only 
if p = 2, n is even, and L^'^ has simple factors of A a Lie types. The condition (iv) of Theorem 
10.1 does not hold if p = 2 and n is even. 

(b) Let G be a reductive, closed subgroup scheme of GLm that contains G and (M, (f), G) 
is a Shimura F-crystal. Let Gz^ be the reductive, closed subgroup scheme of GLmj_^ whose pull 

back to Spec{W{k)) is G, cf. Subsection 4.2. Let Tz^ be a maximal torus of the centralizer of 
in Gzp, cf. Proposition 3.3 (a) and (e). Let T := T^^jt). Let A^^,, Wq, 3^, Lift : I )> loo, 
Ocan : ^XWq^I, and O be the analogues of At, Wq, % Lift : I ^ Iqo, Ocan : ^\WG^i, 
and O (respectively) but obtained working with {M,g(j),Gys and T instead of C^'s and T; here 
g e G{W{k)) and g e G{W{k)). If w e Wq, let be the reductive, closed subgroup scheme 

of GLj^^Bw whose pull back to Spec(VF(/c)) is G (cf. Subsection 4.2) and let T^"" be a maximal 

torus of the centralizer of T^J in It is easy to see that g^cf) normalizes the Lie algebra of 

the maximal torus T^^j^^ of G. From this and Corollary 11.1 (d) we get that for each w G Wq 

we have < {M,gyj(f), G) >e Lift(I). 

The maps 6can : I ^ O, Modp : Iqo ^ I, and Lift : I ^ Iqo are functorial. In particular, we 
have an identity 

Lift o Func = FunCoo ° Lift : I ^ ioo, 

where Func : I ^ I and FunCoo : loo ^ Soo are defined by Func(< Gg >) =< {M,g^,'dg~^, G^) > 
and FunCoo(< Gg >) =< {M^gcj), G) >. Let acan : "^XWg I be as in Corollary 1.1. 

If moreover T is the centralizer of T in G, then Wq is naturally a subgroup of Wq. In this 
case we also have 

Func O ttcan = Ocan ° Nat : 'JI\Wg i, 

where Nat : 'X\Wg ^\^g natural map induced by the inclusion Wg ^ ^g- 

(c) Referring to Corollary 1.1, one can use the ideas of either [22, Thms. 4.7 and 5.5] or 
[20, Sect. 2] to show that there exists a natural bijection hG '■ '^\Wg — > Wp\Wg- We emphasize 
that the definition of 6g is complicated and that he is rarely functorial and thus it is not truly 
canonical. 

§12. Applications to stratifications 

We use the notations of Subsection 4.1. See Subsection 5.1 for the action TGf,,a and for the 
topological space O of orbits of ^Q^^a endowed with the order <. Let y be a separated, reduced 
A;-scheme. Let Fy :Y he its Frobenius endomorphism. Let JAy be the pull back to Y of the 
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vector bundle over Spec(/c) defined by M. If !B is a vector bundle over Y, let be its pull-back 
to a vector bundle over a F-scheme *. 

Subsection 12.1 defines analogues of C^'s over Y called D-bundles mod p over Y; a standard 
example is presented in Example 12.2. Basic Theorem D and Corollary 12.3 assume Y is of finite 
type over k and list the main properties of the stratifications of Y defined by D-bundles mod p 
over Y. We end with two remarks. 

12.1. _D-bundles mod p 

By a D-bundle mod p over Y associated to {Qg\g € G{W{k))} we mean a quadruple 
W := (X,3^,V,.A), where 

(i) X is a vector bundle over Y of rank r, 

(ii) 5" : Fy(X) — 7> % and V : DC — > Fy(X) are homomorphisms of vector bundles, 

(iii) A = {{Ui,pi)\i G /} is an atlas of maps such that the following four things hold: 

(iii.a) each Ui = Spec{Ri) is an etalc y-scheme which is an affine scheme and pi : %Ui — is 
an isomorphism with respect to which there exists a morphism gi : Ui ^ Gk such that the pull 
back of 5" to Ui becomes an i2i-linear map M ®k aRi M ®k Ri that maps x®l to gi{4){x) ® 1) 
and the pull back of V to Ui becomes an i?i-linear map M®kRi — >■ M ®k aRi that maps gi{x<^l) 
to 'd{x) (S> 1, where x & M and where we identify gi with an element of Gk{Ri)', 

(iii.b) if i, j e I and Uij := Ui Xy Uj = Spec(i?y), then PjUij ° pju^. is the automorphism of 

M[/.^. defined by an element of Pk{Rij); 

(iii.c) the set {Im(t/j -^Y)\i e 1} is an open cover of Y; 

(iii.d) it is not strictly included in any other atlas satisfying the properties (iii.a) to (iii.c). 

Due to (i) and (iii.b), X has a natural structure of a Pfe-bundle over Y. Let y e Y{k). 

Let z e / be such that there exists a point yi G Ui{k) that maps to y, cf. (iii.c). Let giy^ := 
gi o yi G Gk{k). Let Qiy^ := {M ,giy.(j),dg~y,,Gk)- Due to (iii.b), the inner isomorphism class 
< Qiy^ >G I depends only on y and not on the choices of i E I, yi E Ui{k), and gi; thus we can 
define < Gy >:—< Giy^ > as well as o{y) :— Og^^, G O. Let §(?/) be the dimension of the reduced 
stabilizer subgroup of giy^ under Tc^^a- 

Definition 12.1. (a) We say W is uni+versal if for each point y G Y{k) there exists a map 
{Ui,pi) G A with the properties that: (i) y G Im(C/j(/c) — )■ Y{k)) and (ii) we can choose gi : Ui ^ 
Gk such that its composite with the quotient /c-morphism G^ Pk\Gk, is etale. 

(b) We say W is full if for each point y G Y{k) there exists a pair {Ui,pi) G A such that 
y G Im{Ui{k) — )■ Y{k)) and we can choose gi to be etale. 

If W is uni+versal (resp. full), then 1" is a smooth /c-scheme which is equidimensional of 
dimension dim(A^fc) = dim{Pk\Gk) (resp. of dimension dim(Gfc)). 

12.1.1. Augmentations 

Suppose W is uni+versal. We will augment Y and W to get naturally a -D-bundle mod p 
that is full. Let F := Pfc y. Let qi : Y ^ Pk and q2 : Y ^ Y he the two projections. Let 
W = {%,3^,V,A) be the pull back of W via q2, with A a maximal atlas which contains q2{A). 
Let i E I. Let hi : Pk XkUi Gk be the composite of the first projection Pk XkUi ^ Pk with 
the inclusion Pk )> Gk- Let Ihi 'Mp^^XkUi -^^PkXkUi be the automorphism defined by inner 
conjugation through hi. Let pi := hi o (^^(Pi)) : Xp^x^Ui ^^^P^XkUi- 

Let g^ := hi(gi o q2)h~Q : Pk Xk Ui — > Gk, where hio is the composite of the restriction 
of qi o Fy to Pk Xk Ui with the epimorphism Pk Pk/Uk = Lk and with the monomorphism 
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Lfc ■— )■ Gk- If the composite of Qi : Ui ^ Gk with the quotient /c-morphism Gk — )■ Pk\Gk is etale, 
then the morphism ^j/ijo = hi{gi o q2) '■ Pk >^kUi ^ G^ is also etale; as the images of the tangent 
maps of and g^hiQ at an arbitrary A;- valued point of X/, Ui have the same dimensions, the 
morphism g^ : Pk Xk Ui ^ Gk is also etale. This implies that W is full. 

Example 12.2. Suppose r = 2d. Let do e N U {0} be the relative dimension of N over 
Spec{W{k)). Let Z be a smooth scheme over Spec{W{k)) of relative dimension do- Let Y :— Z^. 
Let 21 be an abelian scheme over Z of relative dimension d. Let Mo := Hl^{Ql/Z); it is a vector 
bundle over Z of rank r. Let GLj^^ be the general linear group scheme over Z defined by Mo. 
Let % be the reduction mod p of Mo; it is a vector bundle over Y of rank r. The evaluation of the 
Dieudonne crystal of 21 at the trivial thickening of y , (when viewed without connection) consists 
of two pairs 9^ : Fy (DC) % and V :% ^ FyiX) of homomorphisms of vector bundles. Suppose 
that the vector bundle Mq over Z has in the etale topology of Z a structure of a G-bundle. 

Let Cy be the completion of the local ring of a point y G Y{k) in Z. Let Zy = Spec(Cy). We 
fix an identification Cy = W{k)[[xi, . . . , x^o]] and we consider the Frobenius lift of Cy that is 
compatible with a and that takes Xi to x^ for alH e {1, . . . , do}. Let Moy := H^^{Ql Xz Zy/Cy); 
it is a free Cy-module of rank r. Let $y : Moy Moy be the ^^"^ -linear endomorphism defined 
naturally by 21 x^- Zy. Let M-Zy be the G-bundle over Zy defined by M(8)vj/(/j) Cy. We also assume 
that the following condition holds: 

(*) for each /c- valued point y of Y, there exists an isomorphism Mo Xz Zy ^M^- of G- 
bundles defined by an isomorphism Moy ^ M ®w{k) Cy under which $oy gets identified with the 
$Oj/-hnear endomorphism ny^nhr{hy4> ® ^Cy) of M ®w{k) Cy, where hy G G{W{k)) and where 

: Zy ^ iV is formally etale. 

Based on (*) and Artin's approximation theorem, we get that there exists an etale morphism 
Uy = Spec(i?y) —?■ Y, an isomorphism py : OQuy "^Uy of G/s-bundles, and a morphism gy : Uy ^ 
Gk such that the following two things hold: (i) the pull back of IF to Uy becomes (via py) an 
i?y-linear map M aRy M <S>k Ry that maps x ®1 to gy{4>{x) ® 1) and the pull back of V to 
Uy becomes (via py) an i?y-linear map M ®k Ry M ®k aRy that maps gy{x ® 1) to di^x) ® 1, 
where x & M and where we identify gy with an element of Gk{Ry), and (ii) the composite of 
(jy -.Uy ^ Gk with the quotient morphism Gk — >■ Gk/Pk is etale. 

Let A = {{Ui,pi)\i e /} be a maximal atlas such that Y{k) C / and the property (iii) of 
Subsection 12.1 holds for it. The quadruple W = (3C, IF, V,^) is a uni+versal ©-bundle mod p 
over Y . 

12.2. Basic Theorem D 

Suppose Y is of finite type over k. Let W := (DC, V, yi) he a D-bundle mod p over Y 
associated to the family {Gg\g e G{W{k))}. Then the following six basic properties hold: 

(a) There exists a stratification ofYin reduced, locally closed subschemes such that yi, 
2/2 G Y{k) belong to the same stratum of^ if and only if < Cy^ >=< Qy^ > (i.e., if and only if 
o{yi) = 0(2/2), cf Lemma 5.1 (a)). 

(b) //W is full (resp. uni+versal), then each stratum 5 of^ is smooth and equidimensional 
of dimension dim{o{y)) — dim(Gfc) — E>{y) (resp. dim{Nk) — ^{y)) with y e 5{k). Moreover, V 
has a unique open stratum. 

(c) Let 5i and S2 be two strata of ^. Let yj G Sj{k), j = 1,2. Let o'l E O be such that 
o'l < 0(2/2)- If Si specializes to $2, then 0(2/1) < 0(2/2)- If W is either full or uni+versal, then 
there exists a stratum s'l of that specializes to S2 and such that we have o'l = o{yi) for some 
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point y[ G s'i{k). In particular, ifVs/ is either full or uni+versal, then Si specializes to S2 if and 
only i/ 0(2/1) < 0(1/2) ■ 

(d) The number of strata of ^ is at most [Wg ■ Wp] . 

(e) We assume W is uni+versal, Y is proper (over k), and the strata of^ are quasi-affine. 
Then has a unique closed stratum Sq of dimension and to which all strata of ^ specialize. 

(f) Suppose the hypotheses of (e) hold. Then has \Wg '■ Wp] strata if and only if the 
action Tc^^a has a unique closed orbit. 

Proof: Let y G Y{k). Let /q be a finite subset of / sucli tliat {Im([/j -+ Y)\i E Iq} is an open 
cover of Y. Let i E Iq. Let Siy be g~^{o{y)) endowed with its reduced structure. It is a reduced, 
locally closed subscheme of C/j. For yi G Im(C/j(/c) -+ Y{k)) we have yi G lm{Siy{k) — )■ Y{k)) if and 
only if < Gy >—< Gy. >, cf. Lemma 5.1 (a). Thus for i,j G /q, we have Siy Xy Uj — Sjy Xy Ui. 
Thus we can uniquely define a stratification 'y of y via the following property: the stratum 
Sy of y to which y belongs is the reduced, locally subscheme of Y whose A;-valued points are 
Uie7oIm(Siy(A;) Y{k)). Thus (a) holds. 

We prove (b). We first assume W is full. The /c-morphism Siy — )> o{y) is etale. Thus, as 
o{y) is connected and smooth, each Siy is smooth and equidimensional of dimension dim{o{y)) = 
dim(Gfc) — S(j/) (cf. (12) for the equality part). This implies that the stratum Sy is smooth and 
equidimensional of dimension dim(o(y)) = dim(Gfe) — S(y). As T^^. has a dense, open orbit (see 
Example 5.6), V has a unique open, dense stratum. 

Let now W be uni+versal. Let Y = x^Y and W be as in Subsubsection 12.1.1. Let 
y be the stratification of Y defined by W, cf. (a). It is the pull back of ^ via the projection 
q2 : y -» y. Thus each stratum 5 of 'y is the quotient of a unique stratum 5 = Pfc Xfc -S of ^ under 
the left multiplication action of Pk on s. As s is smooth and equidimensional, s is also so and its 
dimension is dim(s) — dim(Pfc) = dim(Gfc) — S{y) ~ dim(Pfc) = dim(A^fc) — S(y). As ^ has a unique 
dense, open stratum, the same applies to Thus (b) holds. 

The first part of (c) is obvious. It suffices to prove the second part of (c) for the full case, 
cf. the augmentation process of the previous paragraph. Thus we can assume W is full. Let 
{Ui,pi) G >A be such that y2 G Im(C/j(/c) — )■ Y{k)) and gi : Ui ^ Gk is ctalc. As o[ < 0(^/2), 
the inverse image g*{o'i) is a locally closed subscheme of Ui whose image in Y is contained in a 
stratum s'l of V that specializes to 2/2- If y'l € ^lik), then we have o{yi) = Oi- Thus (c) holds. 
Part (d) follows from Corollary 1.1. 

We prove (e) and (f). As each stratum of V is equidimensional, ^ has a closed stratum Sq. 
As y is proper, Sq is also proper. As Sq is proper, quasi-affine, it has dimension 0. If y G So (A;), 
then S{y) = dim(iVfc) (cf. (b)). Thus dim(o(y)) = dim(Gfc) - dim(iVfc) = dim(Pfc), cf. (12) and 
Corollary 11.1 (b). Only the pivotal orbit in O has dimension dim(P/j), cf. Corollary 11.1 (c). 
Thus y has a unique closed stratum Sq defined by: for y G Y{k), we have y E Sq ii and only if Oy 
is the pivotal orbit in O. Due to the uniqueness of Sq, each stratum of specializes to Sq. Thus 
(e) holds. As O has [Wq : Wp] orbits (cf. CoroUary 11.1 (b)), (f) follows from (c) and (e). □ 

Corollary 12.3. Let Y{ky°^ be the topological space underlying Y{k). 

(a) The map oy : y(/c)*°P O that associates to y e y(A;)*°P the orbit o{y) G O, is 
continuous. 

(b) If Ms) is uni+versal, then the map oy is also open. 

Proof: Part (a) only translates the first part of the property 12.2 (c). To check (b), 
let Uy be an open subscheme of Y. Let Wj/y := {%Uyi'3^Uyi'^Uyi^Uy) be the restriction of 
W = (3C, IJ, V, yi) to Uy-., here Auy is the subset of A formed by those maps {Ui, pi) that satisfy 
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Im(t/j Y) C Uy (cf. condition (iii.d) of Subsection 12.1). As W is uni+versal, Wj/^ is 
also uni+versal. By applying the second part of the property 12.2 (c) to V^Uy^ S^^ that 
oy(t/Y(/c)*°P) = Im(o(7y) is an open subset of O. Thus (b) holds. □ 

Remark 12.4. (a) Let J be an integral canonical model in unramified mixed characteristic (0,p) 
of a Shimura variety of Hodge type, cf. [35, Defs. 3.2.3 6) and 3.2.6]. Let 2la be an abelian scheme 
over J obtained naturally via an embedding of our Shimura variety of Hodge type into a Siegel 
modular variety. Let Zq be a smooth quotient of J of finite type such that 2tj is the pull back of an 
abelian scheme 2lo over Zq. We assume that J and Zq are such that there exists a reductive, closed 
subgroup scheme 0o of GLjji (<^^izq) which is naturally the (integral) crystalline realization of 
the reductive group over Q that defines our Shimura variety of Hodge type. 

Let Z be an open subscheme of ^ow(fc) such that Y :— Z^ is connected. Let 21 := 2lo y<Zo Z. 
The fact that there is a Shimura F-crystal (M, (j), G) over k such that the vector bundle H\y^ {%I Z) 
over Z has a natural structure of a G-bundle and the condition (*) of Example 12.2 holds, is a 
direct consequence of the deformation theory of [35, Subsect. 5.4] and of our connectedness and 
reductiveness assumptions. Thus in applications, Y is an open closed subscheme of Zq^ and W is 
a uni+versal D-bundle mod p over Y as in Example 12.2. 

The stratification ^ of y defined by W is the pull back of a stratification of a connected 
component of the special fibre of Zq. By combining [35, Subsubsect. 3.2.12 and Thm. 5.1] with 
[26, Thm. (1.2)] one gets that all strata of '^q are quasi-affine. The tools of [42, Sect. 5] are 
general enough to imply (based on Corollary 1.1 and the property (d) of Subsection 12.2) that 
has exactly \Wg '■ Wp] strata (even if Z is not proper over W{k)). 

(b) The proof of Basic Theorem D is independent of the existence of an integrable and 
nilpotent connection V on X with respect to which 5" and V are horizontal. But if W is not 
defined by some Barsotti-Tate group over Y endowed with crystalline tensors, the strata of ^ are 
not necessarily quasi-affine even if W is uni+versal. 
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